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A TWO WEIGHT THEOREM FOR a-FRACTIONAL SINGULAR INTEGRALS WITH 
AN ENERGY SIDE CONDITION, QUASICUBE TESTING AND COMMON POINT 

MASSES 

ERIC T. SAWYER, CHUN-YEN SHEN, AND IGNACIO URIARTE-TUERO 

Abstract. Let a and ui be locally finite positive Borel measures on R" (possibly having common point 
masses), and let T“ be a standard «-fractional Calderon-Zygmund operator on R" with 0 < « < n. Suppose 
that Q : R" —> R" is a globally biLipschitz map, and refer to the images QQ of cubes Q as quasicubes. 
Furthermore, assume as side conditions the A 2 conditions, punctured Aj conditions, and certain a-energy 
conditions taken over quasicubes. Then we show that T“ is bounded from (a) to (oj) if the quasicube 
testing conditions hold for T“ and its dual, and if the quasiweak boundedness property holds for T“. 

Conversely, if T“ is bounded from (a) to L'^ (oj), then the quasitesting conditions hold, and the 
quasiweak boundedness condition holds. If the vector of «-fractional Riesz transforms R“ (or more generally 
a strongly elliptic vector of transforms) is bounded from (cr) to (oj), then both the AJ conditions and 
the punctured Aj conditions hold. We do not know if our quasienergy conditions are necessary when 
n > 2, except for certain situations in which one of the measures is one-dimensional, or both measures are 
sufficiently dispersed. 
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1. Introduction 


In this paper we prove a two weight inequality for standard a-fractional Calderon-Zygmund operators 
T“ in Euclidean space M", where we assume n-dimensional A 2 conditions (with holes), punctured ^“’Punct 
conditions, and certain a-energy conditions as side conditions on the weights (in higher dimensions the 
Poisson kernels used in these two conditions differ). We state and prove our theorem in the more general 
setting of quasicubes as in |SaShUr5] . but here we now permit the weights, or measures, to have common 
point masses, something not permitted in |SaShUr5] . As a consequence, we use A 2 conditions with holes 
as in the one-dimensional setting of Hytonen |Hyt2| , together with punctured ^“’Punct g^g 

usual A 2 ^without punctures^ fails whenever the measures have a common point mass. The extension to 
permitting common point masses uses the two weight Poisson inequality in [Saw] to derive functional energy, 
together with a delicate adaptation of arguments in jSaShUrS] . The key point here is the use of the (typically 
necessary) ‘punctured’ Muckenhoupt gQggjj^^jQgg below. They turn out to be crucial in estimating 

the Poisson testing conditions later in the paper. We remark that Hytonen’s bilinear dyadic Poisson operator 
and shifted dyadic grids ( |Hyt2| ) in dimension n = 1 can be extended to derive functional energy in higher 
dimensions, but at a significant cost of increased complexity. See the earlier versions of this paper on the 
arXiv for this approacqj, and also [LaWi] where Lacey and Wick use this approach. Finally, we point out 
that our use of punctured Muckenhoupt conditions provides a simpler alternative to Hytonen’s method of 
extending to common point masses the NTV conjecture for the Hilbert transform |Hyt2| . 

On the other hand, the extension to quasicubes in the setting of common point masses turns out to 
be, after checking all the details, mostly a cosmetic modification of the proof in [SaShUrS] . except for the 
derivation of the n-dimensional A 2 conditions with holes, which requires extensive modification of earlier 
arguments. 

We begin by recalling the notion of quasicube used in [SaShUrb] - a special case of the classical notion 
used in quasiconformal theory. 


Definition 1. 

( 1 . 1 ) 


We say that a homeomorphism H : 1 
II^IIl*P= sup 


—>■ is a globally biLipschitz map if 

\n{x)-n{y)\\ 


\\x-y\\ 


< 00, 


and H ^ L ■ <00. 

M W Lip 

Note that a globally biLipschitz map H is differentiable almost everywhere, and that there are constants 
c, C > 0 such that 


c<Jn{x) = \detDn{x)\<C, x G M”. 


Example 1. Quasicubes can be wildly shaped, as illustrated by the standard example of a logarithmic spiral 
in the plane fe {z) = Indeed, : C —>■ C is a globally biLipschitz map with Lipschitz 

constant 1 -|- Ce since f~^ (w) = w\w\ and 


V/. 


\dz' dz J 



2ei 


l£ Z 



^Additional small arguments are needed to complete the shifted dyadic proof given there, but we omit them in favour of the 
simpler approach here resting on punctured Muckenhoupt conditions instead of holes. The authors can be contacted regarding 
completion of the shifted dyadic proof. 
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On the other hand, behaves wildly at the origin since the image of the closed unit interval on the real line 
under is an infinite logarithmic spiral. 

Notation 1. We define to be the collection of half open, half closed cubes in R" with sides parallel to 

n 

the coordinate axes. A half open, half closed cube Q in R.” has the form Q = Q {c, £) = n \ck 2 ’ A' 2 ) 

k=l 

for some £ > 0 and c = (ci, ...,Cn) £ R". The cube Q {c,£) is described as having center c and sidelength £. 

We typically use V to denote a dyadic grid of cubes from P". We repeat the natural quasi definitions 
from |SaShUr5| . 

Definition 2. Suppose that : R" —>■ R" is a globally biLipschitz map. 

(1) If E is a measurable subset o/R", we define VIE = {fl (x) : x £ E} to be the image of E under the 
homeomorphism fl. 

(a) In the special case that E = Q is a cube in R", we will refer to flQ as a quasicube (or fl-quasicube 
if £1 is not clear from the context). 

(b) We define the center cpQ = c (flQ) of the quasicube TlQ to be the point VIcq where cq = c {Q) 
is the center of Q. 

(c) We define the side length £ (IIQ) of the quasicube TlQ to be the sidelength £ (Q) of the cube Q. 

(d) For r > 0 we define the ‘dilation’ rQQ of a quasicube VlQ to be flrQ where rQ is the usual 

‘dilation’ of a cube in R" that is concentric with Q and having side length r£ {Q). 

(2) If K. is a collection of cubes in R", we define £IIC = {UQ : Q £ /C} to be the collection of quasicubes 

TlQ as Q ranges over 1C. 

(3) If F is a grid of cubes in R", we define the inherited quasigrid structure on CIF by declaring that 
CIQ is a child of CIQ' in CIF if Q is a child of Q' in the grid T. We denote by £ (Q) the collection 
of children of Q. 

Note that if CIQ is a quasicube, then lilQI"- ~ |Q|" = £{Q) = £{ClQ) shows that the measure of ClQ 

is approximately its sidelength to the power n, more precisely there are positive constants c, C such that 
1 . 1 . 
c|J|" < £{J) < C\J\^ for any quasicube J = CIQ. We will generally use the expression |J|" in the 

various estimates arising in the proofs below, but will often use £ (J) when defining collections of quasicubes. 

Moreover, there are constants Rbig and Rsmaii such that we have the comparability containments 

Q “t” CIxq CZ RbigCtC) and Rsmaii^Q CL Q CIxq . 

Given a fixed globally biLipschitz map Cl on R", we will define below the n-dimensional conditions 
(with holes), punctured Muckenhoupt conditions testing conditions, and energy conditions using 

ri-quasicubes in place of cubes, and we will refer to these new conditions as quasiM^, quasitesting and 
quasienergy conditions. We will then prove a T1 theorem with quasitesting and with quasiM^ and quasienergy 
side conditions on the weights. We now describe a particular case informally, and later explain the full 
theorem in detail. 

We show that for positive locally finite Borel measures a and w, possibly having common point masses, 
and assuming the quasienergy conditions in the Theorem below, a strongly elliptic collection of standard 
a-fractional Calderon-Zygmund operators T“ is bounded from (cr) to (w), 

(1-2) 

(with 0 < a < n) if and only if the Af condition and its dual hold (we assume a mild additional condition 
on the quasicubes for this), the punctured Muckenhoupt condition ^“’Punct dual hold, the quasicube 

testing condition for T“ and its dual hold, and the quasiweak boundedness property holds. 

Since the Af and punctured Muckenhoupt conditions typically hold, this identifies the culprit in higher 
dimensions as the pair of quasienergy conditions. We point out that these quasienergy conditions are 
implied by higher dimensional analogues of essentially all the other side conditions used previously in two 
weight theory, in particular doubling conditions and the Energy Hypothesis (1.16) in |LaSaUr^ . as well as 
the uniformly full dimension hypothesis in [LaWi] (uniformly full dimension permits a reversal of energy, 
something not assumed in this paper, and reversal of energy implies our energy conditions). 

It turns out that in higher dimensions, there are two natural ‘Poisson integrals’ P“ and that arise, 
the usual Poisson integral P“ that emerges in connection with energy considerations, and a different Poisson 
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integral V°‘ that emerges in connection with size considerations - in dimension n = 1 these two Poisson 
integrals coincide. The standard Poisson integral P“ appears in the energy conditions, and the reproducing 
Poisson integral V°‘ appears in the A 2 condition. These two kernels coincide in dimension n = 1 for the case 
a = 0 corresponding to the Hilbert transform. 


2. Statements of results 

Now we turn to a precise description of our two weight theorem. 

Assumption: We fix once and for all a globally biLipschitz map fi : R" —^ R" for use in all of our 
quasi-notions. 

As already mentioned above we will prove a two weight inequality for standard o-fractional Calderon- 
Zygmund operators T“ in Euclidean space R", where we assume the n-dimensional A 2 conditions, new 
punctured A 2 conditions, and certain a-quasienergy conditions as side conditions on the weights. In order 
to state our theorem precisely, we need to define standard fractional singular integrals, the two different 
Poisson kernels, and a quasienergy condition sufficient for use in the proof of the two weight theorem. These 
are introduced in the following subsections. 

Remark 1. It is possible to collect our various Muckenhoupt and quasienergy assumptions on the weight pair 
{cr,u!) into just two compact side conditions of Muckenhoupt and quasienergy type. We prefer however, to 
keep the individual conditions separate so that the interested reader can track their use through the arguments 
below. 


2.1. Standard fractional singular integrals and the norm inequality. Let 0 < a < n. Consider a 
kernel function K°‘{x, y) defined on R" x R" satisfying the following fractional size and smoothness conditions 
of order 1 ^ for some <5 > 0, 


( 2 . 1 ) 


ix,y)\ 

|VA“ {x,y)\ 

|VA“ (x,y)-VA“ iA,y)\ 


|VA“ (x,y)-VA“ ix,y')\ 


< 

< 

< 

< 


Ccz\x 

Ccz\x 

Ccz 

Ccz 


\a—n—l 

\x-y\ J 
\x-y\ J 


\x-y\ 
\x - y\ 


Oi—n— 


Oi—n — 


1 


1 


\x-x'\ ^ 1 
\x-y\ - 2’ 

\y-y'\ ^ 1 

\x-y\ - 2' 


We note that a more general definition of kernel has only order of smoothness 5 > 0, rather than 1-1-5, 
but the use of the Monotonicity and Energy Lemmas below, which involve first order Taylor approximations 
to the kernel functions (-, 2 /), requires order of smoothness more than 1. 


2.1.1. Defining the operators and norm inequality. We now turn to a precise definition of the weighted norm 
inequality 


( 2 . 2 ) 


\T:f\\ 


L^(.A 


< fllTo 




Eor this we introduce a family 


of nonnegative functions on [0, 00 ) so that the truncated 

' 0<(5<i?<oo 

kernels Kf ^ (x, y) = Vs u {\x — y\) K'^ (x, y) are bounded with compact support for fixed x or y. Then the 
truncated operators 


Ta.s.Rf(.x)= [ Klji{x,y)f{y)da{y), xe 
JR-^ 


are pointwise well-defined, and we will refer to the pair 
integral operator, which we typically denote by T“, suppressing the dependence on the truncations. 


Definition 3. We say that an a-fractional singular integral operator T°‘ = yK°‘, 
the norm inequality li2.Al provided 


as an a-fractional singular 

satisfies 


0 <S<R<oo 


rj-yO 


cr.s.nf |Il2(cj) 


< OIt’c 


IIL2(o.) 


f £ {a) ,0 < 6 < R < 00 . 
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It turns out that, in the presence of Muckenhoupt conditions, the norm inequality (12.21) is independent of 
the choice of appropriate truncations used, and we now explain this in some detail. A smooth truncation of T" 
has kernel rig ^ {\x — y\) K°‘ (cc, y) for a smooth function rjg ^ compactly supported in {6, R), 0 < S < R < oo, 
and satisfying standard CZ estimates. A typical example of an a-fractional transform is the a-fractional 
Riesz vector of operators 

:l<£<n}, 0<a<n. 


The Riesz transforms R 
defined by 


are convolution fractional singular integrals R^’°^ f = 
(w) 


Knw)^ 


w 

in+l —a 


W 


w 




* / 


with odd kernel 


However, in dealing with energy considerations, and in particular in the Monotonicity Lemma below 
where first order Taylor approximations are made on the truncated kernels, it is necessary to use the tangent 
line truncation of the Riesz transform 7?“’" whose kernel is defined to be Vie (w) {\w\) where ipsR is 

continuously differentiable on an interval (0, S) with 0 < S < R < S, and where ipgji (r) = r""" ii S < r < R, 
and has constant derivative on both (0, 6) and (i?, S) where ips r {S) = 0. Here S is uniquely determined by 
R and a. Finally we set ipg ^ (0) = 0 as well, so that the kernel vanishes on the diagonal and common point 
masses do not ‘see’ each other. Note also that the tangent line extension of a function on the line is 
again with no increase in the norm. 

It was shown in the one dimensional case with no common point masses in [LaSaShllrS] , that boundedness 
of the Hilbert transform H with one set of appropriate truncations together with the condition without 
holes, is equivalent to boundedness of H with any other set of appropriate truncations. We need to extend 
this to R“’" and to more general operators in higher dimensions, and also to permit common point masses, 
so that we are free to use the tangent line truncations throughout the proof of our theorem. For this purpose, 
we note that the difference between the tangent line truncated kernel (w) ipg _r (Iwl) and the corresponding 
cutoff kernel He (w) l[ 5 ,i{] satisfies (since both kernels vanish at the origin) 


OO oo 

< E {(2-'=^)“-” iH)} + {(2'=i?)“-” i\w\)} 

k^O k^l 

oo oo 

= E (w) + E H , 

k=0 k=l 


where the kernels Kp (w) = l[p, 2 p] (|wi|) are easily seen to satisfy, uniformly in p, the norm inequality 

(12.81) with constant controlled by the offset condition (j2.3l) below. The equivalence of the norm inequality 
for these two families of truncations now follows from the summability of the series 2“^^"““) for 

0 < a < n. The case of more general families of truncations and operators is similar. 


2.2. Quasicube testing conditions. The following ‘dual’ quasicube testing conditions are necessary for 
the boundedness of T°‘ from (a) to (to), where denotes the collection of all quasicubes in K." 

whose preimages under H are usual cubes with sides parallel to the coordinate axes: 

= sup 

= sup 

and where we interpret the right sides as holding uniformly over all tangent line truncations of T“. 

Remark 2. We alert the reader that the symbols Q^I^J^K will all be used to denote either cubes or qua¬ 
sicubes, and the context will make clear which is the case. Throughout most of the proof of the main theorem 
only quasicubes are considered. 


77^ / (IqO-)I^W < OO, 

IWU JQ 

f (iQw)l^cr < oo, 

IQL JQ 
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2.3. Quasiweak boundedness property. The quasiweak boundedness property for T°‘ with constant C 
is given by 



T°‘ {lQ,a)duj 




for all quasicubes Q, Q' with — < - - < C, 

C IQ'I^ 

and either Q C 3Q' \ Q' or Q' C 3Q \ Q, 


and where we interpret the left side above as holding uniformly over all tangent line trucations of T“. Note 
that the quasiweak boundedness property is implied by either the tripled quasicube testing condition, 

|| 13 qT“ (lQcr)||i 2 (<^) < I|1qIIl 2(^) , for all quasicubes Q in K”, 

or the tripled dual quasicube testing condition defined with a and u interchanged and the dual operator 
T“’* in place of T“. In turn, the tripled quasicube testing condition can be obtained from the quasicube 
testing condition for the truncated weight pairs (w, Igcr). See also Remark |4] below. 


2.4. Poisson integrals and A^- Recall that we have fixed a globally biLipschitz map il : M" —>■ K". Now 
let ^ be a locally finite positive Borel measure on R", and suppose Q is an fl-quasicube in R". Recall that 
IQI ” mi (Q) for a quasicube Q. The two a-fractional Poisson integrals of /i on a quasicube Q are given by: 




/ 




(iQh + \x-XQ 

IQI" 


n+1 —a 


—dn (x), 




XQ 


I)' 


dp. (x), 


where we emphasize that jcc — xq \ denotes Euclidean distance between x and xq and \Q\ denotes the Lebesgue 
measure of the quasicube Q. We refer to P“ as the standard Poisson integral and to as the reproducing 
Poisson integral. 

We say that the pair {K, K') in P" x P" are neighbours if K and K' live in a common dyadic grid and 
both K C 3K' \ K' and K' C “iK \ K, and we denote by A/”” the set of pairs {K, K') in P" x P" that are 
neighbours. Let 

HAT” = {(p.K, nK') : (AT, K') e A/"”} 

be the corresponding collection of neighbour pairs of quasicubes. Let a and w be locally finite positive Borel 
measures on R", possibly having common point masses, and suppose 0 < a < n. Then we define the classical 
offset A 2 constants by 


(2.3) 


(a,cc) 


sup 

(Q,Q0enA^^ 


IQU IQ'L 

IQr-" IQI'-"' 


Since the cubes in P” are products of half open, half closed intervals [a, &), the neighbouring quasicubes 
{Q, Q') G are disjoint, and the common point masses of a and to do not simultaneously appear in each 

factor. 

We now define the one-tailed A 2 constant using P“. The energy constants £a introduced in the next 
subsection will use the standard Poisson integral P“. 


Definition 4. The one-sided constants A 2 and A 2 ’* for the weight pair (cr, oj) are given by 

A2 = sup P“ (Q, Igccr) < 00, 

Qenv^ \Q\ " 

A 2 ’* = sup P“ (Q, 1 q<=w) 




iQr 


< 00 . 
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Note that these definitions are the analogues of the corresponding conditions with ‘holes’ introduced by 
Hytonen |Hyt| in dimension n = 1 - the supports of the measures Igccr and Igw in the definition of A 2 are 
disjoint, and so the common point masses of cr and w do not appear simultaneously in each factor. Note 
also that, unlike in [SaShUrS] . where common point masses were not permitted, we can no longer assert the 
equivalence of A 2 with holes taken over quasicubes with A 2 with holes taken over cubes. 


2.4.1. Punctured A 2 conditions. As mentioned earlier, the classical A 2 condition 


A“((7,w)= sup 


IQL IQL 

IQr-" IQI'- 


fails to be finite when the measures a and uj have a common point mass - simply let Q in the sup above 
shrink to a common mass point. But there is a substitute that is quite similar in character that is motivated 
by the fact that for large quasicubes Q, the sup above is problematic only if just one of the measures is 
mostly a point mass when restricted to Q. The one-dimensional version of the condition we are about to 
describe arose in Conjecture 1.12 of Lacey [Lac2] . and it was pointed out in |Hyt2| that its necessity on 
the line follows from the proof of Proposition 2.1 in [LaSaUr2] . We now extend this condition to higher 
dimensions, where its necessity is more subtle. 

Given an at most countable set fp = {pk}^=i in R", a quasicube Q G flQ", and a positive locally finite 
Borel measure p,, define 

PiQ,^) = \Q\^,- sup {/r (pfe) : Pfe G Q n fp} , 

where the supremum is actually achieved since X^pfcSQnqj(Pfc) < cxs as /i is locally finite. The quantity 
fj, {Q, fp) is simply the p measure of Q where p is the measure /i with its largest point mass from fp in Q 
removed. Given a locally finite measure pair ((T,a;), let = {Pfc}^i b® the at most countable set of 

common point masses of a and uj. Then the weighted norm inequality (O typically implies finiteness of 
the following punetured Muckenhoupt conditions: 


^a.*,punct 


sup 

QG O'P 


^ \Q\a 


SU IQIcj ^ (Q) *P(o-,i^)) 
Qenp" IQT”" 


Lemma 1. Let T“ be an a-fraetional singular integral operator as above, and suppose that there is a positive 
eonstant Co sueh that 

(ct,w) < C'oOIt'- (o-, w) , 

for all pairs of positive locally finite measures having no common point masses. Now let a and uj be 
positive locally finite Borel measures on M” and let ‘P(ct,(.j) be the possibly nonempty set of common point 
masses. Then we have 

(a, uj) + (a, uo) < (a, w). 

Proof. Fix a quasicube Q G flP". Suppose first that H Q = {pk}‘k=i is finite. Choose ki G N 2 N = 

{1, 2,..., 2N} so that 

a (pfej = max a (pk). 
k£N2N 

Then choose ^2 G N 2 JV \ {^i} such that 


uj{pk^)= max uj{pk). 

fceN2w\{fei} 

Repeat this procedure so that 

U'(Pfc2m+l) = niax <j(pk), fc2m+l G N2Ar \ {fcl, ...fc2m} , 

feGN2w\{fel,...fe2m} 

^{Pk 2 m+ 2 ) = niax w(pfe), fc 2 m +2 G N 2 Ar \ {fci, .../C 2 m+l} , 

fcGN2N\{fel,.../C2m + l} 
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for each m < N — 1. It is now clear that both 


N-l ^ 2N ^ 


2=0 

N-l 


fe=l 

2N 


'^^{pk2,+2) > ^ -w(pi)]. 

i=0 k=2 

Now define new measures a and uj by 

N-l N-l 

a = Iqct - ^ ct {pk2.+2) ^Pk2i+2 and w = Igw - {Pk2i+i) 


2=0 


2=0 


SO that 


N-l 


N-l 


= \Q\<t “ XI ^ {Pk2i+2) = \Q\a - ^ + X ^ iPk2i+l) 


2=0 


2=0 


> IQI, -a{Qn + X (Q n i \Ql 


and 


N-l 


N-l 


IQIs = IQL- X‘^(^''=2i+i) = IQL-w((3n*P(^,^)) + ^a;(pfe2i+2) 


2=0 


2=0 


> IQL - ‘a (Q Id *P(<T.a;)) - W (pi)] > iw (Q, . 

Now a and uj have no common point masses and (o’; w) is monotone in each measure separately, so we 
have 

^ (Qi \Q\a 


iQr-" iQr 

< 4Co^t-‘ (d, w) < 4CoinT“ ■ 

Now take the supremum over Q G HQ" to conclude that (cr, w) < dCoOI^o if the number 

of common point masses in Q is finite. A limiting argument proves the general case. The dual inequality 
^a,*.punct (cTjUj) now follows upon interchanging the measures a and uj. □ 

Now we turn to the definition of a quasiHaar basis of (p). 

2.5. A weighted quasiHaar basis. Recall we have fixed a globally biLipschitz map fl : R” — >■ R". We will 
use a construction of a quasiHaar basis in M" that is adapted to a measure p (c.f. |NTV2) for the nonquasi 
case). Given a dyadic quasicube Q G fiT>, where T> is a dyadic grid from P", let Ag denote orthogonal 
projection onto the finite dimensional subspace Lq (p) of {p) that consists of linear combinations of the 
indicators of the children € {Q) of Q that have /r-mean zero over Q: 

LQ(.P) = \f= X agrlQ, : ag, G R, f /d/r = 0 i . 

[ Q'eAQ) ) 

Then we have the important telescoping property for dyadic quasicubes Qi C Q 2 ' 

(2.4) 1q„ (x) I ^ A^/ (x) I = 1 q„ (x) (e^qJ e £ (Q^) , / e l2 _ 

VQe[Qi.Q2] / 


ii-- — 


< 4 


IQIa IQIg 

IQr-" IQp'" 


We will at times find it convenient to use a fixed orthonormal basis 
{0, 1}" \ {1} is a convenient index set with 1 = (1,1,..., 1). Then |hg“| 




a£Tn and 


is an orthonormal 
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basis for (/i), with the understanding that we add the constant function 1 if /i is a finite measure, 
particular we have 






2 


QeilT} aGr„ 


In 


where 



E 

aGTn 






2 


and the measure is suppressed in the notation. Indeed, this follows from (12.41) and Lebesgue’s differentiation 
theorem for quasicubes. We also record the following useful estimate. If /' is any of the 2" flP-children of 
/, and a € r„, then 


(2.5) 





2.6. The strong quasienergy conditions. Given a dyadic quasicube K € flV and a positive measure /r 
we define the quasiHaar projection A j on K by 

E E '•rond iiPt/iihM= E E|</.'*ryf. 

JGn-D: JCK aGPn J^nX): JCK a^Pn 

and where a quasiHaar basis jenvQ 3'dapted to the measure p, was defined in the subsubsection 

on a weighted quasiHaar basis above. 

Now we define various notions for quasicubes which are inherited from the same notions for cubes. The 
main objective here is to use the familiar notation that one uses for cubes, but now extended to fl-quasicubes. 
We have already introduced the notions of quasigrids and center, sidelength and dyadic associated to 
quasicubes Q G flV, as well as quasiHaar functions, and we will continue to extend to quasicubes the 
additional familiar notions related to cubes as we come across them. We begin with the notion of deeply 
embedded. Fix a quasigrid fFD, r G N and 0 < e < 1. We say that a dyadic quasicube J is {r,e)-deeply 
embedded in a (not necessarily dyadic) quasicube IF, which we write as J (Sr,e K, when J G K and both 


( 2 . 6 ) 


t{J) < 
qdist (J, dK) 


I 


> - e { Jre { K ) 


1 — e 


where we define the quasidistance qdist {E, F) between two sets E and F to be the Euclidean distance 
dist (yt~^E,id~^F) between the preimages il~^E and n~^F of E and F under the map H, and where we 

recall that i (J) ~ |^|". For the most part we will consider J gp ^ K when J and K belong to a common 
quasigrid fFD, but an exception is made when defining the strong energy constants below. 

Recall that in dimension n = 1, and for a = 0, the energy condition constant was defined by 


£^ = 


1 


sup 

I=Olr 


\i\ E 


cr r—1 




■ 


|2 


where I, and J are intervals in the real line. The extension to higher dimensions we use here is that of 
‘strong quasienergy condition’ below. Later on, in the proof of the theorem, we will break down this strong 
quasienergy condition into various smaller quasienergy conditions, which are then used in different ways in 
the proof. 

We define a quasicube K (not necessarily in fLD) to be an alternate HP-quasicube if it is a union of 2” 
H(D-quasicubes K' with side length i {K') = {K) (such quasicubes were called shifted in [SaShUrS] . but 

that terminology conflicts with the more familiar notion of shifted quasigrid). Thus for any fID-quasicube 
L there are exactly 2" alternate HP-quasicubes of twice the side length that contain L, and one of them is 
of course the H(D-parent of L. We denote the collection of alternate H(D-quasicubes by AVIV. 

The extension of the energy conditions to higher dimensions in [SaShUrS] used the collection 


AIr,£-deep {K) = {maximal J dr.e K} 

of maximal (r, e)-deeply embedded dyadic subquasicubes of a quasicube K (a subquasicube J of IF is a 
dyadic subquasicube of IF if J G HP when HP is a dyadic quasigrid containing K). This collection of dyadic 
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subquasicubes of K is of course a pairwise disjoint decomposition of K. We also defined there a refinement 
and extension of the collection A^(r,£)-deep (^) for certain K and each £ > 1. For an alternate quasicube 
K G AflV, define Al(r,£)-deep (K) to consist of the maximal r-deeply embedded flP-dyadic subquasicubes 
J of K. (In the special case that K itself belongs to then these definitions coincide.) Then in [SaShUrS] 
for £ > 1 we defined for K G AVIV the refinement 

7W(r,^)_deep.n-D {K) = {j G 7W(r,£)_deep K') for some K' GdiiK): 

J C L for some L G Al(r,£)-deep (K)} , 

where ^{K) is the obvious extension to alternate quasicubes K of the set of flP-dyadic children of a 
dyadic quasicube. Thus e)-deep (^) i® union, over all quasichildren K' of K, of those quasicubes in 
■^(r,£)-deep that happen to be contained in some L G Al(r,£)-deep (-^)- Note that £)-deep (-^) i® 

in general different than A^(r,£)-deep (^)- We then define the strong quasienergy condition as follows. 


Definition 5. Let 0 < a < n and fix parameters (r, e). Suppose a and ui are positive Borel measures on K." 
possibly with common point masses. Then the strong quasienergy constant ig defined by 


/cstrong'\2 _ 
) — 


Tn 

I = yjlr R I 


1 /P“(J, l/cr) 


IP'lx 


^ ^ ,e — deep (-^r ) 

1 


|Jp 




+ sup sup sup 
OD leAQ-D e>o b I 


E 




(r,e)—deep,nX5 


(I) 




Similarly we have a dual version of denoted ^ and both depend on r and e as well as on n 

and a. An important point in this definition is that the quasicube I in the second line is permitted to lie 
outside the quasigrid LIT), but only as an alternate dyadic quasicube I G ALlT). In the setting of quasicubes 
we continue to use the linear function x in the final factor II P/x||^ 2 (-^j) of each line, and not the pushforward 
of X by n. The reason of course is that this condition is used to capture the first order information in the 
Taylor expansion of a singular kernel. There is a logically weaker form of the quasienergy conditions that 
we discuss after stating our main theorem, but these refined quasienergy conditions are more complicated 
to state, and have as yet found no application - the strong energy conditions above suffice for use when one 
measure is compactly supported on a curve as in [SaShUrS] . 


2.7. Statement of the Theorem. We can now state our main quasicube two weight theorem for general 
measures allowing common point masses. Recall that LI : K" —>■ R." is a globally biLipschitz map, and 
that LIV^ denotes the collection of all quasicubes in K" whose preimages under LI are usual cubes with sides 
parallel to the coordinate axes. Denote by LIT) C LIV^ a dyadic quasigrid in R". For the purpose of obtaining 
necessity of Af in the range ^ < a < n, we adapt to the setting of quasicubes the notion of strong ellipticity 
from [SaShUrS] . 


Definition 6. Fix a globally biLipschitz map LI. Let T“ = be a vector of Calder on-Zygmund 

operators with standard kernels We say that T“ is strongly elliptic with respect to LI if for each 

m G {1,-1}", there is a sequence of coefficients such that 


(2.7) 


(x, X + tu) 
t=l 


> ct° 


t G 


holds for all unit vectors u in the quasi-n-ant LlVm where 

V)„ = {a; G R" : miXi > 0 for L<i<n}, 


G{i,-ir. 


Theorem 1. Suppose that T°‘ is a standard a-fractional Calderon-Zygmund operator on R", and that oj 
and a are positive Borel measures on R” (possibly having common point masses). Set T(ff = T“ {fa) for 
any smooth truncation of . Let U : R" —>■ R" be a globally biLipschitz map. 
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(1) Suppose 0 < a < n. Then the operator T“ is bounded from Lf (a) to Lf (ui), i.e. 

(2-8) r“/llT=M<^T„^ll/llT.(.), 

uniformly in smooth truncations ofT°^, and moreover 




T- < + A2’* + + ‘Itc + + £:strong,* yvBVT<^^ 


provided that the two dual A 2 conditions and the two dual punctured Muckenhoupt conditions all 
hold, and the two dual quasitesting conditions for T°‘ hold, the quasiweak boundedness property for 
T°‘ holds for a sufficiently large constant C depending on the goodness parameter r, and provided 
that the two dual strong quasienergy conditions hold uniformly over all dyadic quasigrids TW C Tl'P'^, 
i.e. ^strong _|_ ^strong,* ^ where the goodness parameters r and e implicit in the definition of 

the collections A^(r,£)-deep (^) o.iT'd -^(r £)-deep nz) appearing in the strong energy conditions, 
are fixed sufficiently large and small respectively depending only on n and a. 

(2) Conversely, suppose 0 < a < n and that T“ = is a vector of Calderon-Zygmund operators 

with standard kernels range 0 < a < ^, we assume the ellipticity condition from 

/ |SaShUr5] j; there is c > 0 such that for each unit vector u there is j satisfying 
(2.9) (x,x + iu)| > t G R. 

For the range ^ < a < n, we assume the strong ellipticity condition in Definition\^ above. Further¬ 
more, assume that each operator T°‘ is bounded from Lf (a) to Lf (to). 


{Tr)j 




< 


\L^(a) ■ 


Then the fractional A 2 conditions (with ‘holes’) hold as well as the punctured Muckenhoupt condi¬ 
tions, and moreover, 



+ A 


a,punct 

2 


+ A 


a,*,punct 

2 


< C^T. 


Problem 1. Civen any strongly elliptic vector of classical a-fractional Calderon-Zygmund operators, it 
is an open question whether or not the usual (quasi or not) energy conditions are necessary for boundedness 
of T“. See [SaShUr4] for a failure of energy reversal in higher dimensions - such an energy reversal was 
used in dimension n = 1 to prove the necessity of the energy condition for the Hilbert transform, and also in 
[SaShUrS] and [LaSaShUrWi] for the Riesz transforms and Cauchy transforms respectively when one of the 
measures is supported on a line, and in [SaShUrS] when one of the measures is supported on a C^’^ curve. 


Remark 3. If Definition\^holds for some T“ and fl, then SI must be fairly tame, in particular the logarithmic 
spirals in Example\^are ruled out! On the other hand, the vector of Riesz transforms R“’" is easily seen to be 
strongly elliptic with respect to if Q satisfies the following sector separation property. Civen a hyperplane 
H and a perpendicular line L intersecting at point P, there exist spherical cones Sh nnd Sl intersecting 
only at the point P' = (P), such that H' = Q.H C Sh and L' = TIL G Sl and 

dist (x, dSn) ~ |a;|, x G H , 

dist (x, SS'i) ~ |x|, xGL. 

Examples of globally biLipshcitz maps that satisfy the sector separation property include finite compositions 
of maps of the form 

n (xi, x') = (xi, x' + i/i (xi)), {xi,x') G R”, 

where i/; : R —>■ R”“^ is a Lipschitz map with sufficiently small Lipschitz constant. 


Remark 4. In |LaWi] . in the setting of usual (nonquasi) cubes and measures having no common point 
masses, M. Lacey and B. Wick use the NTV technique of surgery to show that the weak boundedness property 
for the Riesz transform vector R“>" is implied by the A 2 and testing conditions, and this has the consequence 
of eliminating the weak boundedness property as a condition. Their proof of this implication extends to the 
more general operators T“ and quasicubes considered here, and so the quasiweak boundedness property can 
be dropped from the statement of Theorem [7J In any event, the weak boundedness property is necessary for 
the norm inequality, and as such can be viewed as a weak close cousin of the testing conditions. 
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3. Proof of Theorem [T] 


We now give the proof of Theorem [T] in the following sections. Sections 5, 7 and 10 are largely taken 
verbatim from the corresponding sections of [SaShUrS] , but are included here since their omission here would 
hinder the readability of an already complicated argument. 

3.1. Good quasicubes and quasienergy conditions. Here we extend the notion of goodness to qua¬ 
sicubes and define various refinements of the strong quasienergy conditions appearing in the main theorem 
above. These refinements represent the ‘weakest’ energy side conditions that suffice for use in our proof. We 
begin with goodness. 

Definition 7. Let r G N and 0 < e < 1. Fix a quasigrid LIT). A dyadic quasicube J is (r, e)-good, or simply 
good, if for every dyadic superquasicube I, it is the case that either J has side length greater than 2“'’ times 
that of I, or J (Sr,e I is {r,s)-deeply embedded in I. 

Note that this definition simply asserts that a dyadic quasicube J = H J' is (r, e)-good if and only if the 
cube J' is (r, e)-good in the usual sense. Finally, we say that J is r-nearby in K when J C K and 

e{J) > 2-H{K). 

The parameters r, e will be fixed sufficiently large and small respectively later in the proof, and we denote 
the set of such good dyadic quasicubes by H27(i._£)_good! or simply HPgood when the goodness parameters 
(r,£) are understood. Note that if J' G and if J' C 77 G LlV, then either J' is r-nearby in K 

or J' C J gr,E K. 

Throughout the proof, it will be convenient to also consider pairs of quasicubes J,K where J is (p, e)- 
deeply embedded in K, written J <Ep,e K and meaning (12.61) holds with the same e > 0 but with p in place 
of r; as well as pairs of quasicubes J, K where J is p-nearby in K, I (J) > 2~p£ (K), for a parameter p r 


; 5 good,u; 


= P 


that will be fixed later. We define the smaller ‘good’ quasiHaar projection 

pr'-'/s Y. =11 i: 

J€g(K) Jeg(K) aer„ 

where G (K) consists of the good subcubes of K: 

a (77) = { J G HPgood : J C 77} , 

and also the larger ‘subgood’ quasiHaar projection by 

■Pe^Bood(P^) ^e^good(P^) ^'CJoGr„ 

where Atgood (77) consists of the maximal good subcubes of 77. We thus have 


(r,^) —goodjCJ 
K 


by 


pgood.p 
^ K ^ 


L 2 (p) 


< 


< 


psubgood,p 
r K X 


Il 2 (p) 


L=(p) 



dp{x), X = (xi, ...,a;„) 


onto the vector-valued subspace 


where PjX is the orthogonal projection of the identity function x : R" — 
of (p) consisting of functions supported in 7 with ^-mean value zero. 

Recall that the extension of the energy conditions to higher dimensions in [SaShUrS] used the collection 

A7 deep (77) = {maximal J ^r,e 77} 

of maximal r-deeply embedded dyadic subquasicubes of a quasicube 77 (a subquasicube J of 77 is a dyadic 
subquasicube of 77 if J G LIV when LIT) is a dyadic quasigrid containing 77). We let J* = yJ where 7 > 2. 
Then the following bounded overlap property holds. 


Lemma 2. 

(3.1) 


(r,e) — deep (-^) 


u - 

./eXl(,.e)_deep(X) 
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holds for some positive constant /3 depending only on n, 7 , r and e. If in addition we have 7 < 2'’^^ then 
7 J C K for all J G A1(r,e)-deep {K), and consequently 

(3.2) ^ Ij. < piK ■ 

(r ,e) — deep (-^) 

Proof. To prove m, we first note that there are at most 2"“’+^ quasicubes J for which £ (J) > 2 ^£ (K). 
On the other hand, the maximal r-deeply embedded subquasicubes J oi K also satisfy the comparability 
condition 

if {jy £ iKf~" < qdist (J, K‘^) < Cn {2^£ {J)T £ {Kf~" ■ 

Now with 0 < e < 1 and 7 > 2 fixed, let y G K. Then if y G 7 J, we have 

if (J)" f < qdist (J, K^) < 7 f (J) + qdist (7 J, K^) 

< ')£ (J) + qdist {y, K‘^). 

1 

Now assume that ' • Then we have qf (J) < j£ {JY £ {kY~^ and so 


jf(J)"f(X)'-"< qdist {y,KY. 


But we also have 


qdist (y, KY < f (J) + dist (J, < f (J) + {Jf £ f {Jf ^ {kY~" , 

1 

and so altogether, under the assumption that , we have 

qdist (y, if < f(J)"f(iG)'-"<2qdist(j/,iG^), 


1 qdist (j/, KY 


f /2-^ciist(,i.-)- 

V , 


y^ + c„2-^ £{kY- 

1 

which shows that the number of J's satisfying y G^J and ^ ' is at most log 2 + 2C'„2'’'^ 

1 

The number of J's satisfying 1 / G 7 J and ^ ' is at most 0^7"]^ log 2 (dy). This proves (13.11) 

with 


ft = 2"-'+i+C;7-ilog2(T + 2C„2-^ +C';7"^log2(47) 

< 2”''+i + C"i (1 + re) 7" + (1 + log 2 7) • 

e 1 — e 

In order to prove f|3.2D it suffices, by (|3.ip . to prove C K for all J € A^(r,£)-deep (-^)- But J 

•^^(r,£) —deep i.^') luiplieS 

if {Jf £ {Kf~" < qdist (J, Kf = qdist (cj, Kf + if (J). 

We wish to show yj C K, which is equivalent to 

yif ( J) < qdist (cj, Kf = qdist ( J, Kf - if ( J) . 

But we have 

qdist (J, Kf - if (J) > if {Jf £ {Kf-^ - if (J), 
and so it suffices to show that 

if(J)^f(iG)'-^-if(J)>7if(J), 

which is equivalent to 

-f + l<£{Jf~^£{Kf~r 
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But the smallest that £ {JY ^£{kY ^ can get for J G M^r,E)-deep (K) is , and this completes the 

proof. □ 

Remark 5. The parameter 7 only plays a role in defining various refinements of the strong energy condition 
in our main theorem. We will use these refinements throughout our proof, both to highlight the nature of 
what precisely is reguired in different situations, and also to provide the ‘weakest’ energy conditions under 
which our main theorem holds, namely under the assumptions ff < 00 with 2 < 7 < 2 '’^^“®^, and 
the corresponding dual conditions. 

Recall the collection e)-deep od which is the union, over all quasichildren K' of K, of those 
quasicubes in A^(r.£)_deep (tt^RT') that happen to be contained in some L G A^(r,E)-deep,nx> (K)- Since 
J G e)_deep Qv implies 7 J C K, we also have from (|3.ip and (|3.2p that 

(3.3) 


E 


</31 


JeM 


(r,e) —deep,ni> 


(K) 


u 


and 


J* 


E 


< /31if , for each ^ > 0 , 




JeM 


(O 

(r,e) —deepif^l? 


(K) 


and if 7 < 2 ^^ then 

(3.4) 


E 


Ij. < pix , for each £>0. 


JeM 


it) 


,(K) 


(r,e)—deep,f2X5 ' 

Of course (K) D 7W(r,e)_deep (K), but {K) is in general a finer subdecompo¬ 

sition of K the larger £ is, and may in fact be empty. 

Now we proceed to recall the definition of various quasienergy conditions from [SaShUrS] . but with the 
additional natural restriction that 7 < The point of this restriction is that the bounded overlap 

conditions and (13.41) can be used effectively later on. 

Definition 8 . Suppose a and ui are positive Borel measures on R" (possibly with common point masses) 
and fix 7 > 2. Then the deep quasienergy condition constant and the refined quasienergy condition 

constant given by 


- 00 

^ sup —•£ •£ 

r=l JGAd(,.,)_deepaO 


P°‘ {J, li\jja) 

\J\- 


psubgoodjo; 


LHo.) 


^£-refined^2 ^ SUp 

n-D leAGiv e.>e 7 1 


E 




P°‘ (J, l 7 \^ja) 

\J\- 


psubgood,a; 




where sup^^, supj in the second line is taken over all quasigrids PIT) and alternate quasicubes I G APlT, and 
sppPi=oir first line is taken over 

(1) all dyadic quasigrids PYD, 

(2) all PVD-dyadic quasicubes I, 

(3) and all subpartitions °° of the quasicube I into PlD-dyadic subquasicubes fi. 

Note that in the refined quasienergy conditions there is no outer decomposition I = Ufi. There are similar 
definitions for the dual (backward) quasienergy conditions that simply interchange a and ui everywhere. 
These definitions of the quasienergy conditions depend on the choice of 7 and the goodness parameters r 
and e. Note that we can ‘partially’ plug the 7 -hole in the Poisson integral P“ (J, l/\-yjcr) for both and 
£;refined offset A 2 Condition and the bounded overlap property p.4l) . Indeed, define 

(3.5) 


00 

^^deep partial^ 2 ^ SUp — ^ 

I-UIr I 1'^ r=l JG7W(,,,)_deepar) 


E 


(^refined partial^ 2 ^ 1 ^ 

015 7 ^>0 \IY ^ 

\r,e)-deep,n-V 



subgood,u; 




psubgood,a; 
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An easy calculation shows that 

(3.6) 7 J C Ir for all J G A^(r,e)-deep (A) provided 7 < 

Thus if 7 < we have both 


(3.7) 


< 


^^deep partial^ 

1 "" 

Tn 

I = yjlr u I 


sup — E E 


O- r=l J€M(r,e)-d<,ep{Ir) \ 

sup E 

I-UU I r-=l JeAd(,,,)_deep(/r) 


P“ (J, ll\^j(j) \ 

. 1 ^ 1 " J 

( P“ (•/, ^-fj\jcr) \ 


■>subgood,a; 




|JP 




<{£rA+™piAf: i: 

I-UIr\ r=lJ(^M(r,e)-deep{Ir) 


1 +v-v 


P\ 


-\Subffood,a; 


\J\^\A 


LHu,) 


< + A“ sup — ^ ^ I 7 JU < KA' + /3^2 

/-U/, I la- r=l JeAd(,,,)_deep(/r) 

and similarly 

(3.8) ^^-refinedpartial^ 2 ^ ^^pefined^2 ^ 

by dS^ and dSH) respectively. 


Notation 2. As above, we will typically use the side length I (J) of a fl-quasicube when we are describing 
collections of quasicubes, and when we want i (J) to be a dyadic or related number; while in estimates we will 
typically use | J|" ~ t (J), and when we want to compare powers of volumes of quasicubes. We will continue 
to use the prefix ‘quasi ’ when discussing quasicubes, quasiHaar, quasienergy and quasidistance in the text, but 
will not use the prefix ‘quasi’ when discussing other notions. In particular, since quasi Af + quasi ~ 

A 2 +A 2 (see e.g. |SaShUr^ for a proof) we do not use quasi as a prefix for the Muckenhoupt conditions, 
even though quasi A 2 alone is not comparable toA^. Finally, we will not modify any mathematical symbols 
to reflect quasinotions, except for using flF to denote a quasigrid, and qdist (E, F) = dist I1~^E) to 

denote quasidistance between sets E and F, and using \x — ylq^ist — to denote quasidistance 

between points x and y. This limited use of quasi in the text serves mainly to remind the reader we are 
working entirely in the ‘quasiworld’. 


3.1.1. Plugged quasienergy conditions. We now use the punctured conditions and ^a,*,punct 

control the plugged quasienergy conditions, where the hole in the argument of the Poisson term P“ (J, l/^jcr) 
in the partially plugged quasienergy conditions above, is replaced with the ‘plugged’ term P“ (J, l/cr). The 
resulting plugged quasienergy condition constants will be denoted by 


^deep plug £’refinedplug ^ — ^deep _j_ ^refined 


tor example 


00 

E E 


P" {J, Ipr) 


the ‘energy A 2 
(3.10) 


— aeep ' ' ' 

We first show that the punctured Muckenhoupt conditions A 2 
e ‘energy A 2 conditions’, denoted and where 


psubgoodjo; 

^,7 ^ 




(3,9) (£:deepplug^2^ ^ ^ 

7-U/p I r = lJ67K(,,,)_deep(7r) V \J\' 

a.punct 1 ^Q:,*,punct ,1 j.* 1 

J aiiQ. -^^2 control respectively 


^a.energy(^,^) ^ 


pcj X 

QHQ) 




IQI^ 




^a.,.e„ergy(^,^) ^ 

Qenv^ \Q\ " 


per X 

Q^iQ) 


2 


ICI 


i-S 






























16 


E.T. SAWYER, C.-Y. SHEN, AND I. URIARTE-TUERO 


Lemma 3. For any positive locally finite Borel measures a, to we have 

A^"^a,uj) < max{n,3}A“’P"“*(a,a;), 

< max {n, 3} (( 7 , w). 

Proof. Fix a quasicube Q £ FtV. If iw [Q,^(cr,uj)) > 5 IQL; then we trivially have 

2 

PCJ X 

L^M IQI. ^ IQL IQL 
IQr-" IQI'-” ■ ""iQr-" IQI'-" 

< < 2 n. 4 “’P"“* (a, w). 

On the other hand, if w (Q, *P(CT,tj)) < ^ IQL then there is a point p £ Q (1 such that 

and consequently, p is the largest w-point mass in Q. Thus if we define oj = oj — oj ({p}) Sp, then we have 

= IQl2 ■ 

Now we observe from the construction of Haar projections that 

Aj = Aj, for all J £ QV with p ^ J. 

So for each s > 0 there is a unique quasicube Js £ 02? with £ (Jg) = 2~^£ (Q) that contains the point p. For 
this quasicube we have, if aGr„ ®' basis for (w), 


A“ Y 


aGEn aGEn 

= Y [ hjf{x){x-p)duj{x) = Y j Kh (x) {x - p) duj (x) 


< n2-£{Jgr\Jg\~<2-^^£{Qf\Q\~. 


Thus we can estimate 


Qf(n\\\ p(nA 'Y 

tWj||L2(^) £{Q) j^Q 


A 

JeflV: P^JCQ 


+ AII'^ 




2 


^ 2-2*2 (gf 


£{Qf\Q\^ + Y‘^~^‘^(Q)' 


< 3|g|~<3u;(g,^(,,<,)), 


and so 


pcj X 

QTW) X2(a;) |gu ^ 3a; {Q,^{tr,uj)) |gu ^ 3 ^ a,punct / 

IQI'-" ■ igi'-” ■ ' 

Now take the supremum over Q G 02? to obtain ^ 2 (cr, a;) < max{n, 3} ^ 2 ’P““* (ct, a;). The dual 
inequality follows upon interchanging the measures a and uj. □ 
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The next corollary follows immediately from Lemma [3] and the argument used above in (13.71) with (13.61) . 
Define 

_ ^^deepplug^^ _j_ ^^refined plug^ ^ 

Corollary 1. Provided 7 < 

^deep plug ^deep partial _j_ ^a,punct ^’deep _|_ _j_ ^Q,punct 

^refinedplug ^refined partial _|_ ^a,punct ^ ^’refined _j_ ^ol _|_ ^a,punct 

< fa + v4“ + ^ 

and similarly for the dual plugged quasienergy conditions. 


The two constants ^deeppiug ^refinedpiug ^ g larger projection Pj, are what we bundled 

together as the strong energy constant fsti'ong statement of our main result, Theorem [TJ 

3.1.2. Plugged conditions. Using Lemma|3]we can control the ‘plugged’ energy yl 2 conditions: 


^a,energy plug = SUp 

Q^Cl'P^ 


nuj X 

QPQ) 


IQI 




_^a.,.e„ergyplug(^^^^ = SUp (Q, Ul) 


ptT X 

QPQ) 


2 

L^ia) 


iQr 


Lemma 4. We have 


^“■energy plug (a, Lv) + (a, Lv) , 

_^a.*.euergyplug ^ ^a.*.euergy _ 


Proof. We have 


pu; X 

'^QPQ) 


2 

LHA 


iQr 


7’“(Q,a) = 


pcu X 

QPQ) 


2 


iQr 


< 


{Q, iQca ) + 


QPQ) 


pcu X 

QPQ) 


2 


^%riP“(Q,lQca)+ , „ 


iQr”^ 

2 

\Q\cr 


(Q,lQa) 


< ^^(a,cd)+r4“«^(a,cd). 


□ 


3.2. Random grids. Using the analogue for dyadic quasigrids of the good random grids of Nazarov, Treil 
and Volberg, a standard argument of NTV, see e.g. | Vol) . reduces the two weight inequality (11.21) for T“ to 
proving boundedness of a bilinear form T“ (/, 5 ) with uniform constants over dyadic quasigrids, and where 
the quasiHaar supports supp / and supp g of the functions / and g are contained in the collection 
of good quasicubes, whose children are all good as well, with goodness parameters r < 00 and e > 0 chosen 
sufficiently large and small respectively depending only on n and a. Here the quasiHaar support of / is 
supp/ = {I G HP : Aff 0}, and similarly for g. In fact we can assume even more, namely that the 
quasiHaar supports supp / and suppg of / and g are contained in the collection of T-good quasicubes 

(3.11) HP/.,e)-good = {K env :€k c HP(r,e)_good and Tr^-pif G HP(r,e)_good for all 0 < £ < r} , 

that are (r, e)-good and whose children are also (r, e)-good, and whose Uparents up to level r are also 
(r,e)-good. Here r > r is a parameter to be fixed in Definition [T3] below. We may assume this restriction 
on the quasiHaar supports of / and g by the following lemma. 
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Lemma 5. Given r > 3, r > 1 and i<£<l—i, we have 

- 7 - j. j. 7 

^^(r—1,5) —good C , 

provided 

re — 1 


(3.12) 


0 < (5 < 


Proof. Suppose that I € 112 ^(r-i, 5 )-good where S is as in (j3.12|) . If J is a child of /, then J G fl25(r,5)-goodj 
and since J < e, we also have 1125(r,5)-good ^^(r,e)-good- It remains to show that G I 12 ^(r,e)-good 

for 0 < m < X. For this it suffices to show that ii K G PlV satisfies / C K and £ < 2“'’£ {K) , 

then 


(3.13) 


'(»Si)' 

/.(K) 


e{K) < qdist . 


Now i (!) = 2-’"£ < 2-(’"+'-)£ (K) < 2-('-i)£ {K) and I G llP(r-i, 5 )-good imply that 


!/£(/) 


£ (K) < qdist (I, iF“). 


2 \£iK)^ 
and since the triangle inequality gives 

qdist (/, iF=) < qdist + 2’”£ (I), 

we see that it suffices to show 


(3.14) 




i{K) 

This is equivalent to successively, 

1 


£ (K) + 2^£ (/) < 


!/£(/) 


2 \£{K) 


£ {K ), 0 < m < T. 


2 V £(£^) 

'2’"£ (J) 


£ (iF) + 2’”£ (/) < - 


!/£(/) 


om+l 


£(iF) 


£{K) 

€ — S 

+ 2™+i 


£(iF) 


£(iF) 

1-5 


< 


2 \£{K) 

£(/) 


£(iF); 


£(£F); ’ 

< 1 , 0 < m < X. 


1-5 


< 1 , 


Since 0<5<e<lby our restriction on e and our choice of 6 in ()3.12p , and since < 2 ^ it thus 

suffices to show that 

2me ^ — ^ 

for 0 < TO < X. In particular then it suffices to show both 

TOE — (to + r) (e — ^) < — 1 , 

TO + 1 — (to + r) (1 — (5) < —1, 

equivalently both 

(r + to) <5 < re — 1 , 

(r + to) <5 < r — 2 , 

for 0 < TO < X. Finally then it suffices to show both 

5 < and (5 < 
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Because of the restriction that i<£<l—i,we see that 0<r£—l<r — 2, and it is now clear that the 
above display holds for our choice of <5 in (13.121) . □ 


For convenience in notation we will sometimes suppress the dependence on a in our nonlinear forms, 
but will retain it in the operators, Poisson integrals and constants. More precisely, let be an 

(r,£)-good quasigrid on K", and let and ^ be corresponding quasiHaar 

bases as described above, so that 


/ 

g 


T. E 

lefl'D’’, aGr„ 

^J9= E 

bGTn 





, aGTn 

= ^ g{J-,h) 

JeCl'D‘^, bGTn 


where the appropriate measure is understood in the notation / (/; a) and g {J\b), and where these quasiHaar 
coefficients / (/; a) and g (J; b) vanish if the quasicubes / and J are not good. Inequality (12.81) is equivalent 
to boundedness of the bilinear form 

r“ (/, g) = (r“ (/) ,g)^= Y. ’ ^" 5 ). 

and J^Q.T>^ 

on (tr) X (w), i.e. 

uniformly over all quasigrids and appropriate truncations. We may assume the two quasigrids 122?°’ and 
122 ?“ are equal here, and this we will do throughout the paper, although we sometimes continue to use the 
measure as a superscript on 122? for clarity of exposition. Roughly speaking, we analyze the form T“ (/, g) 
by splitting it in a nonlinear way into three main pieces, following in part the approach in [LaSaShUr2] and 
[LaSaShUrSj . The first piece consists of quasicubes / and J that are either disjoint or of comparable side 
length, and this piece is handled using the section on preliminaries of NTV type. The second piece consists 
of quasicubes I and J that overlap, but are ‘far apart’ in a nonlinear way, and this piece is handled using 
the sections on the Intertwining Proposition and the control of the functional quasienergy condition by the 
quasienergy condition. Finally, the remaining local piece where the overlapping quasicubes are ‘close’ is 
handled by generalizing methods of NTV as in [LaSaShUr] , and then splitting the stopping form into two 
sublinear stopping forms, one of which is handled using techniques of [LaSalJr^ . and the other using the 
stopping time and recursion of M. Lacey [Lac] . See the schematic diagram in Subsection 7.4 below. 

We summarize our assumptions on the Haar supports of / and g, and on the dyadic quasigrids 122?. 


Condition 1 (on Haar supports and quasigrids). We suppose the quasiHaar supports of the functions f 
and g satisfy supp/,suppg C ^^("r e)_good- assume that = 0 for all dyadic quasicubes Q 

in the grids U.'D (since this property holds with probability 1 for random grids 122 ?J. 


4. Necessity of the A 2 conditions 

Here we prove in particular the necessity of the fractional A 2 condition (with holes) when 0 < a < n, for 
the boundedness from (a) to {ui) (where a and lu may have common point masses) of the a-fractional 
Riesz vector transform R“ defined by 

R“ (/cr) (a;) = / Kf{x,y)f{y)daiy), K°‘{x,y)= ^ „+i_a , 

aR" |a; — y\ 

whose kernel 2F“ (x, y) satisfies (12.11) for 0 < a < n. See [SaShUrS] for the case without holes. 

Lemma 6. Suppose 0 < a < n. Let T“ be any collection of operators with a-standard fractional kernel 
satisfying the ellipticity condition ifOll . and in the case ^ < a < n, we also assume the more restrictive 
condition Then for 0 < a < n we have 

(T“) . 
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Remark 6 . Cancellation properties of T°‘ play no role in the proof below. Indeed the proof shows that A 2 
is dominated by the best constant C in the restricted inequality 

IIXe7’“(/<^)IIl^,<»(^) E = W^\suppf. 

Proof. First we give the proof for the case when T°‘ is the a-fractional Riesz transform R“, whose kernel is 
K“ {x, y) = |^_^|n+i-c ■ Define the 2” generalized n-ants Qm for m S {—1,1}", and their translates Qm (w) 
for n; G R” by 

Qm = {(xi, : mfcXfc > 0} , 

Qm{w) = {z : z - w G Qm} , wGR”. 

Fix TO G {—1,1}” and a quasicube I. For a G R." and r > 0 let 

. ^ ni) 

i{i) + \x-Cjy 

fa,r iy) = lQ_m(a)nB( 0 ,r) iv) ^1 iu) ) 

where Cj is the center of the cube I. Now 

eii)\x-y\ < i{i)\x-cA + ni)\Ci-y\ 

< [I (/) + |a; — C/|] {.I) + IC/ ~ y\] 

implies 

I- r > jjjzSi (x) Si {y) , x,yGM^. 

\x-y\ i[I) 

Now the key observation is that with L(^ = to • C, we have 

L{x - y) = m ■ {x - y) >\x - y\ , x G Qmiy), 

which yields 

/A T \ T irj-a _ D (x — y) 


F(K“(x,j/)) = 


\x-y\' 

1 


\ n ( T\OL — n / \n—OL / \n—OL 

— >e{I) Si [x) Si (y) 


— I \n—a — ^ \ / ! 

\x - y\ 

provided x G Qm (y)- Now we note that x G Qm (y) when x G Qm (a) and y G Q-m (a) to obtain that for 


X G Qm (a), 


D(T“(/a,.a)(x)) = / 

Jq. 


D (x J/) , ,n—Q I / 'i 

- da{y) 


■lQ-m{a)nB(0,r) \x - y\ 

> £(/)“-” 5 , / siiyf^-^'^daiy). 

■fQ-m(a)nB(0,r) 

Applying |LC| < a/u ICj and our assumed two weight inequality for the fractional Riesz transform, we see 
that for r > 0 large, 


'Q-m(o)nB(0,r) 


Si (y)^" da (y) duj (x) 


siiyf"' '^°'da{y). 


< \\LT{afa,r)\\l.^^) ^ (R“)" \\faA%i.) = da 

JQ-m(o)nB(0.r) 

anging the last inequality, we obtain 

e f SI (x)"”-"“ deo (x) [ SI da (y) < (R“)" , 

j Qmia) J Q-m.(a)nB(0,r) 


Rearranging the last inequality, we obtain 


and upon letting r —>■ oo. 


'Qmia) {t{I) + \x- C/D" 


^=^duj (x) 


Q-m{a) {I (I) + \y — C/I) 


:^da{y)<m^ (R“)^ 


Note that the ranges of integration above are pairs of opposing n-ants. 
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Fix a quasicube Q, which without loss of generality can be taken to be centered at the origin, Cq = 0. 
Then choose a = {2i (Q ), 2£ (Q)) and I = Q so that we have 


HQY 


< 


’Qmia) {£iQ) + |a;|)' 

f iiQr 




Qm{a) {i{Q) + |a;|)' 


Jc 


YQY 


Q-m{a) {e(Q) + \y\y 


T^da{y)<m^ (R“f . 


Now fix m = (1,1,1) and note that there is a fixed N (independent of £ (Q)) and a fixed collection of 


rotations {Pk}Y=i^ such that the rotates p^Qm {a), 1 < k < N, oi the n-ant Qm (a) cover the complement 
of the ball B (0, 4:^/n£ (Q)): 

N 

B (0, Ay/ni {Q)Y C [J PkQm (a). 

A .-1 

Then we obtain, upon applying the same argument to these rotated pairs of n-ants, 

f f HQ) 


(4.2) 


lB{0AV^iiQ)y {£iQ) + |x|) 




< (R“)^. 


Now we assume for the moment the offset condition 


^(^)2(a-n) (^J^ du?j <^2, 


Q 

where Q' and Q are neighbouring quasicubes, i.e. {Q',Q) G If we use this offset inequality with Q' 

ranging over 3Q \ Q, and then use the separation of B (0, 4^/n£ (Q)) \ 3Q and Q to obtain the inequality 


^(Q)2(a-n 

together with (14.2L we obtain 

f f HQY 


' B(0A^i(Q))\SQ 


dw 


'Q 


da]<A^ , 


or 


R"\Q (^(Q) + \x\Y 

( 


zi^duj (x) 


'(QY 


1 


AQ 


V 


1 + 


F-Cq 

dQ) 


HQ) 

\ 

T^dcj(x) 




<fn„(R“) + y4“. 




Clearly we can reverse the roles of the measures w and a and obtain 

(R“) + yif 

for the kernels K“, 0 < a < n. 

More generally, to obtain the case when T°‘ is elliptic and the offset A^ condition holds, we note that the 
key estimate (14.111 above extends to the kernel X)/=i ^2.711 if the n-ants above are 

replaced by thin cones of sufficently small aperture, and there is in addition sufficient separation between 
opposing cones, which in turn may require a larger constant than A^/n in the choice of Q' above. 

Finally, we turn to showing that the offset A 2 condition is implied by the norm inequality, i.e. 




I.e. 


sup 

(Q',Q)GSW" 
d(jj 


1 


'Q' 


1 


[jnilJV 


\Q\ 


'Q' 


'Q 


da] <fn„(R“)"|Q|"-^ 


(Q',Q) e flA/'". 


In the range 0 < a < ^ where we only assume (12.911 . we adapt a corresponding argument from [LaSallrl] . 
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The ‘one weight’ argument on page 211 of Stein |Ste] yields the asymmetric two weight A 2 condition 
(4.3) 

where Q and Q' are quasicubes of equal side length r and distance Cor apart for some (fixed large) positive 
constant Co (for this argument we choose the unit vector u in (j2.9p to point in the direction from Q to Q'). 
In the one weight case treated in [Ste] it is easy to obtain from this (even for a single direction u) the usual 
(symmetric) condition. Here we will have to employ a different approach. 

Now recall (see Sec 2 of [Saw] for the case of usual cubes, and the case of half open, half closed quasicubes 
here is no different) that given an open subset $ of R", we can choose R > 3 sufficiently large, depending 
only on the dimension, such that if are the dyadic quasicubes maximal among those dyadic quasicubes 

Q satisfying RQ C $, then the following properties hold: 

{ (disjoint cover) $ = (J^- Qj and Qj A Qi = ^ if i ^ j 

(Whitney condition) RQj C and SRQj fl ^ 0 for all j . 

(finite overlap) XsQ^ < 

So fix a pair of neighbouring quasicubes {Q'q, Qq) S HA/”", and let {Qi}j be a Whitney decomposition into 
quasicubes of the set $ = (Qq x Qq) \ S) relative to the diagonal D in R" x R”. Of course, there are no 
common point masses of ui in Qq and a in Qq since the quasicubes Qq and Qq are disjoint. Note that if 
Qi — Q'i Qi, then (14.3p can be written 

(4.5) |Q.U,<Cfn„(R“)2|Q.|'-^, 

where w x cr denotes product measure on R" x R". We choose R sufficiently large in the Whitney de¬ 
composition 611), depending on Co, such that (14.511 holds for all the Whitney quasicubes Qi. We have 

EJQ.I = IQ'xQ| = |Qr 

Moreover, if R = Q' x Q is a rectangle in R” x R" (i.e. Q', Q are quasicubes in R"), and if R = U^Ri is a 
finite disjoint union of rectangles Ra, then by additivity of the product measure ui x a, 

|RLx<t = IRiLxa • 

i 

Let Qo = Qq X Qo and set 

A={Q = Q'xQ:Qc Qo,HQ) = (- (QO ~ C'o"^ d^ist (Q,Q0 and (14.31) holds} . 

Divide Qq into 2n x 2n = 4n^ congruent subquasicubes Qo,...,Qo" of side length 4, and set aside those 
Qq S A (those for which (14.3p holds) into a collection of stopping cubes T. Continue to divide the remaining 
Qq S A of side length and again, set aside those Qq* S $ into T, and continue subdividing those that 
remain. We continue with such subdivisions for N generations so that all the cubes not set aside into T have 
side length 2~^ . The important property these cubes have is that they all lie within distance Cr2~^ of 
the diagonal D = {(a;,a:) : (a:, a;) G Qq x Qq} in Qq = Qq x Qq since (14.31) holds for all pairs of cubes Q' and 
Q of equal side length r having distance approximately Cgr apart. Enumerate the cubes in T as {Qijj and 
those remaining that are not in T as Thus we have the pairwise disjoint decomposition 

yo.)u(yG). 

The countable additivity of the product measure lo x a shows that 

IQoLx. = ElQ^Lx. + ElPaLx. ■ 

^ 3 



ElQ*Lx.^E^“ (R“)^|Q.p-^ 


Now we have 




and 
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ii-- 


E E 

fcGZ: 2fc<£(Qo)i: £(Qi)-2fc 


1 --^ 




feGZ: 2*^<^(Qo) 

= ^(Qo)” XI 2”K-i+2-^) 

fcGZ: 2'=<^(Qo) 

< =C„IQoxQol"”^ =a|Qor”" , 

provided 0 < a < §. Using that the side length of Pj = Pj x Pj is 2~^ and dist {Pj,D) < Cr2~^, we have 
the following limit, 


Eip 


0 IcJXfT 


Up. 


0 as —>■ oo, 


since Pj shrinks to the empty set as —>■ oo, and since locally finite measures such as w x cr are regular 

j _ 

in Euclidean space. This completes the proof that ^/^ < O^q (R-“) for the range 0 < a < 

Now we turn to proving \J~^ TIq, (R“) for the range ^ < a < n, where we assume the stronger 
ellipticity condition (EH). So fix a pair of neighbouring quasicubes {K',K) S nA/”", and assume that a + oj 
doesn’t charge the intersection K' n K of the closures of K' and K. It will be convenient to add another 
dimension by replacing n by n + 1 and working with the preimages Q' = and Q = fl~^K that are 

usual cubes, and with the corresponding pullbacks w = £i x fl*uj and a = Ci x fl*a of the measures uj and 
(t; here Ci is one-dimensional Lebesgue measure. We may also assume that 

n n 

Q' = [-1,0) X Q = [0,1) X 

i=l i=l 

where Qi = [ai, hi\ for 1 < i < n (since the other cases are handled in similar fashion). It is important to note 
that we are considering the intervals Qi here to be closed, and we will track this difference as we proceed. 
Choose Ox G [oi, 6 i] so that both 


[-1,0) X [ai, 6 »i] X 


[-1,0) X [ 6 >i,&i] X 




Now denote the two intervals [oi, 0i] and [0i, &i] by [aj, and [aj*, where the order is chosen so that 


[0,l)x [a*,6l]xnQ» 


< 


[ 0 ,l)x [ar,^'!*] xJIQ’ 


Then we have both 


[-l, 0 )x [aJ, 6 J]x[]Q, 


[0,l)x[ar,6r]xnQ* 

Now choose 62 € [a 2 , ^ 2 ] so that both 


2 = 2 


> 21 ^1- ’ 


> 2^3 


[-1,0) X [al,b*x] X [02,02] X 


2=3 


[-1,0) X K, 6 [E] X [02, N X 


2 = 3 


1 

> - 

- 4 


and denote the two intervals [ 02 , 02 ] and [ 02 , ^ 2 ] by [ 02 , b^] and [ 02 *, b^*] where the order is chosen so that 


J-l , 


X [fl2, ^ 2 ] X Qi 


< 


[o,i)x[ar,0r]x[ar,0r]xnc> 


[0,1) X 


(T 
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Then we have both 

n 

[—1,0) X [O'lj&i] X [0-21^2] ^ 

2^3 

n 

[o,i)x[ar,&r]x[ar,&r]xnQ* 

z —3 

Then we choose ^3 G [ 03 , 63 ] so that both 

n 

[-1,0) X [al,bl] X [a 2 ,b*] x [ 03 , 6 * 3 ] x Q, 

2=4 
n 

[-1,0) X [al,bl] X [a*, 6 *] x [03,&3] x [] Q* 

2=4 


> i\Q\^ > 


> 




> olQIsi, 




and continuing in this way we end up with two rectangles, 

G = [-l,0)x[at,&t]x[o5,6;]x...K,6:], 

H = [0,l)x[ar,6r]x[ar,&r]x...K*,C]> 

that satisfy 

|G|~ = |[-l,0)x[at,6I]x[a;,6;]x...K,6:]|~>^|g|~, 


1 ^ 1 ^ = \[OA)x[ar,br]x[ar,bT]x...K*X*]\^> 


1 


However, the quasirectangles HG and flH lie in opposing quasi-n-ants at the vertex ftO = ft (0i, 62 ,..., 6 *„), 
and so we can apply (EH) to obtain that for x € flG, 


^A7T“(1orct) (x) 

i=i 



A ™Kf (x, y) da {y) 


> 



|x-y|“ da{y) > |HQ|" ^ 


mi- 


For the inequality above, we need to know that the distinguished point H0 is not a common point mass of 
a and w, but this follows from our assumption that cr + w doesn’t charge the intersection K' C\ K oi the 
closures of K' and K. Then from the norm inequality we get 




< 


< 


j 

E^: 

1=1 


j Tf (Inijcr) 


2 


dio 






j — 01 : 


T.U 


mi 


from which we deduce that 

\nQim) 

^j=i 3 3 

liF'IJiFU < 22”01|,. , 

^J = l 3 3 

and hence 

. 

^j=i \ H 

Thus we have obtained the offset condition for pairs {K', K) G HA/’" such that a + uj doesn’t charge 
the intersection K' n K of the closures of K' and K. From this and the argument at the beginning of this 
proof, we obtain the one-tailed A 2 conditions. Indeed, we note that \d {'rQ)\„j^^ > 0 for only a countable 
number of dilates r > 1, and so a limiting argument applies. This completes the proof of Lemma [ 6 ] □ 
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5. Monotonicity Lemma and Energy lemma 

The Monotonicity Lemma below will be used to prove the Energy Lemma, which is then used in several 
places in the proof of Theorem [T] The formulation of the Monotonicity Lemma with m = 2 for cubes is due 
to M. Lacey and B. Wick [LaWi] . and corrects that used in early versions of our paper [SaShUrS] . 


5.1. The Monotonicity Lemma. For 0 < a < n and m € K+, we recall the m-weighted fractional Poisson 
integral 

(|J|^ + |y-cj|) 

where P“ (J, fi) = P“ (J, fj,) is the standard Poisson integral. 

Lemma 7 (Monotonicity). Suppose that I and J are quasicuhes in M" such that J C 2J C /, and that fj, 
is a signed measure on K" supported outside I. Finally suppose that T“ is a standard fractional singular 
integral on R" with 0 < a < n. Then we have the estimate 


(5.1) 




where for a positive measure v, 

IIAt-J l|2 , /^Pl+5 II ||2 

I|Ajx||^2(,^) + ^ j l|x - mj||^2(ij,^) , 

m,/ = EjX = f xdu}. 

kL dj 

Proof. Let orthonormal basis of Lj (^) as in a previous subsection. Now we use the 

smoothness estimate (I23D, together with Taylor’s formula and the vanishing mean of the quasiHaar functions 
/ij’“ and mj = jj xdp, (x) € J, to obtain 




1,71- 




7f “ {x, y) (x) duj {x) | dfj. (y) 

{Ky (a;) - Ky (mj), dp. (y) 


{K^hr)^dp{y) 


< 


\7(mj) dp (y) 


(x - mj), 


[ sup I V7^“ (Oj) - VK; (mj)| dp (y) 

J e.,&j 


Ix-mjl.l/i); 


^ ^ ImI) i,^,. II , ^ Pi+siJAT\) II 

- ——I-||Ajx||^ 2 (,^) + Ccz -—I-||x- mj||^ 2 (i 

IJI" IJI ” 


j<^) 


□ 

5.2. The Energy Lemma. Suppose now we are given a subset FL of the dyadic quasigrid . Let 
a j be the corresponding w-quasiHaar projection. We define 77* = [J {J' S 1127“ : J' C J}. 

Jen 

Lemma 8 (Energy Lemma). Let J be a quasicube in . Let Tj be an Lf (oj) function supported in 
J and with ui-integral zero, and denote its quasiHaar support by % = suppikj. Let v be a positive measure 
supported in 'ML\"fJ with 7 > 2, and for each J' S 77, let dvj/ = ipj,dv with \g}ji \ < 1. Let T“ be a standard 
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a-fractional singular integral operator with 0 < a < n. Then with 6' = ^ we have 




J'GW 




+ 11^ 


L2(^) 






. \J\- , 

1 (p?+s'iJ^^y 


IJP 


|Pw*^llL2(tj) 


< 11^ 




. \J\- . 


|Pw*^IIl2(^) , 


and in particular the ‘pivotal’ bound 


Kr“ (i.) , ^j)j < c p“ (J, IH) ^/\JL ■ 

Remark 7. The first term on the right side of the energy inequality above is the ‘big ’ Poisson integral P“ 
times the ‘small’ energy term I|Pw^IIl2(^) that is additive in TL, while the second term on the right is the 
‘small’ Poisson integral P“_|_^/ times the ‘big’ energy term ||P^»x||^ 2 (^) that is no longer additive in 'H. The 
first term presents no problems in subsequent analysis due solely to the additivity of the ‘small’ energy term. 
It is the second term that must be handled by special methods. For example, in the Intertwining Proposition 
below, the interaction of the singular integral occurs with a pair of quasicubes J G I at highly separated 
levels, where the goodness of J can exploit the decay S' in the kernel of the ‘small’ Poisson integral P“_|_^/ 
relative to the ‘big’ Poisson integral P“, and results in a bound directly by the quasienergy condition. On the 
other hand, in the local recursion of M. Lacey at the end of the paper, the separation of levels in the pairs 
J G I can be as little as a fixed parameter p, and here we must first separate the stopping form into two 
sublinear forms that involve the two estimates respectively. The form corresponding to the smaller Poisson 
integral P“_|_ 5 / is again handled using goodness and the decay S' in the kernel, while the form corresponding 
to the larger Poisson integral P“ requires the stopping time and recursion argument of M. Lacey. 


Proof. Using the Monotonicity Lemma [71 followed by Ir'j'l < v and the Poisson equivalence 


(5.2) 


we have 


|J'|^ |J|^ 


J' G J G 2 J, supp 12 n 2 J = 0, 




J'GW 




J'GW 


< 


< 




J'€H 


E 

,J'eH 


P^ (J', v) 

. \J'\- . 
( P? 




\J'eH 


_l_ ( ^ j ^ 1+5 


E 11^ 


< 


^J'en \ 

P%^' 
. \J\" , 


\J'\" / J"CJ' 






\j'eH 

1 /P?+,-(J,^)' 


ryO 


\J\-’ 






The last inequality follows from 
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E 

J'GW 




\J'\^ , 

E <1 E 

J"CJ J': J"<ZJ'<ZJ 


E ii'i 




J"CJ' 




IJt 


< 


— E 

' JUr-U- 


J"GW 


. k"l" . 


||A^„x| 


II Aj„x| 






which in turn follows from (recalling 6 = 2b' and using \ J'\'" +\y — Cji\ ~ \ J\"' +\y — cj\ and —JAz-< 

|J| „ +\y-cj\ 


i for y G R" \ 7 J) 


E 






IJ'P 

/ 


E i^'i 


.7': J"C.7'C.7 


< 


E 


2(5 / t 

1 Id'F f \J\- 


n+l+(5—a 


■^r^diy (y) 


^ > 9^' 25 

J'-. J’’GJ'GJ^ " 




n+l+<5' —a 


7— (y) 


y 


E 


I J'l " ^ (J, u) ^ ^ 1 


\J': J"CJ'CJ ” / V 
Finally we have the ‘pivotal’ bound from (15.21) and 


|J|- 


v 25 ' 


\J\’ 




J''CJ 


□ 


6. Preliminaries of NTV type 

An important reduction of our theorem is delivered by the following two lemmas, that in the case of 
one dimension are due to Nazarov, Treil and Volberg (see [NTV4] and [Vol] 1. The proofs given there do 
not extend in standard ways to higher dimensions with common point masses, and we use the quasiweak 
boundedness property to handle the case of touching quasicubes, and an application of Schur’s Lemma to 
handle the case of separated quasicubes. The first lemma below is Lemmas 8.1 and 8.7 in [LaWi] but with 
the larger constant A 2 there in place of the smaller constant A 2 here. We emphasize that only the offset 
A 2 condition is needed with testing and weak boundedness in these preliminary estimates. 

Lemma 9. Suppose r“ is a standard fractional singular integral with 0 < a < n, and that all of the 
quasicubes I G 02?'’’, J G 02?“ below are good with goodness parameters e and r. Fix a positive integer p > r . 
For f € (cr) and g € (w) we have 

(6.1) E KP“(A?/),A;^y)J< (T„+T*+WSPT<. + V^)ll/llL2(,)||r7lL.(^) 

(7,j)Gax>"xnx>“ 

E l(P“ (A?/), A;^g)J < ||/||^.(^) ||y||^.(^). 

(7,j)Gnx>"xnx>“ 

7nJ=0 and tf^^\2~P,2P] 


and 

( 6 . 2 ) 
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Lemma 10. Suppose T“ is a standard fractional singular integral with 0 < a < n, that all of the quasicubes 
I S J S 1221“ below are good, that p > r, that f G {a) and g G (uj), that T C 1221° and Q C 1221“ 
are a-Carleson and ui-Carleson collections respectively, i.e.. 


E FGF,and E l^'L < |GL, GgG, 

F'eT: F'CF G'eO: G'CG 

that there are numerical sequences (2^)}^gjr and {/3g such that 

(6.3) E (^)' < ll/lli^M <^nd E /3e (Gf \G\^ < \\g\\l.^,) , 

FeJE GgS 


and finally that for each pair of quasicubes (/, J) G x 1221“, 2/iere are bounded functions /?/ j aac? 7 j j 
supported in I \ 2 J and J \ 2/ respectively, satisfying 


Then 

(6.4) 


E 

{F,J)€FxnT>‘^ 
FnJ=0 and i{J)<2-Pt{F) 


{T:{Pp^j\Fa^{F)),A‘:^g)^ 


E 

(/.G)GnX>''xS 
/nG=0 and i{I)<2 -p f.{G) 


(r“(AJ/),7,,GlG/3e (G))^ 


^ ll/llL2(cr) I|5 |Il2(i,j) ■ 


Remark 8. 2/ and 1/ are a-Carleson and uj-Carleson collections respectively, and if ajr (F) = |/| and 

Pg (G) = Eg 1^1, then the ‘quasi’ orthogonality condition S6.S\) holds (here ‘quasi’ has a different meaning 
than quasi), and this special case of Lemma \10\ serves as a basic example. 


Remark 9. Lemmas and 1201 differ mainly in that an orthogonal collection of quasiHaar projections is 
replaced by a ‘quasi’ orthogonal collection of indicators {IpO-F More precisely, the main difference 

between fO) and is that a quasiHaar projection A°/ or LFjg has been replaced with a constant 

multiple of an indicator Xpotjr [F) or IcPg (G), and in addition, a bounded function is permitted to multiply 
the indicator of the quasicube having larger sidelength. 


Proof Note that in (j6.ll) we have used the parameter p in the exponent rather than r, and this is possible 
because the arguments we use here only require that there are finitely many levels of scale separating I and 
J. To handle this term we first decompose it into 


E + E 

(7,J)Gni>"xni>": JC3/ (7,J)Gni>"xni>": 7C3J 
2-Pl{I)<t{J)<2Pl{I) 2~Pl{I)<e.{J)<2Pl(I) 

= -Ai + A .2 + A. 3 . 


(7,j)Gnx>''xnx>“ 

2-pt(r)<i[j)<2Pi(i) 

J<^31 and I(^3J . 


\{Tp{Aff),A)jg)J 


The proof of the bound for term is similar to that of the bound for the left side of (16.21) . and so we will 
defer the bound for A 3 until after (16.21) has been proved. 

We now consider term Ai as term A 2 is symmetric. To handle this term we will write the quasiHaar 
functions hf and 2i“ as linear combinations of the indicators of the children of their supporting quasicubes, 
denoted Ig and Jg' respectively. Then we use the quasitesting condition on Ig and Jgi when they overlap, 
i.e. their interiors intersect; we use the quasiweak boundedness property on Ig and Jg/ when they touch, 
i.e. their interiors are disjoint but their closures intersect (even in just a point); and finally we use the Af 
condition when Ig and Jg' are separated, i.e. their closures are disjoint. We will suppose initially that the 
side length of J is at most the side length I, i.e. i{J) < 2 (2), the proof for J = ttI being similar but for one 
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point mentioned below. So suppose that Ig is a child of I and that Jg' is a child of J. If Jg' C Ig we have 
from (12.51) that, 




< 

sup 


a,a'£Tn 

< 

sup 


a,a'£rn 

< 

sup 


n 

< 

sup 








9,fi 


uj,a 

J 


•\/Pe 


iT^ihXduj 


e\ 

K/./^n.i 


jU. 

9,hj 


1^1- 




9,hy 


a,a'^rn 


j_u},a 

9,hj 


The point referred to above is that when J = nl we write (T“ (l/g), 

the dual quasitesting constant If Jg' and Ig touch, then I {Jg') < I{Ig) and we have Jg' C ilg \ Ig, and 
so 


|(r“(lz, AJ A-jg)^ 


< 


< 


..... l(/>r)j 1/^.,. ^\, 

sup . |(Tg. (l/g), Ij^,)^| 

a,a'er„ 

I / p j_^(T,a\ I _ 

sup Ml^^WBVT'^J\Ig\JJg' 
a.a'Gr„ V|/e|„ '' 

sup WBVT<^\{f,h'^,nj {g,h^y 

a^a'^Tn ' 


9,hy 


vVs 

T_u},a' 

9.hj 


vP^ 


Finally, if Jg' and Ig are separated, and if K is the smallest (not necessarily dyadic) quasicube containing 
both Jg' and Ig, then dist {Ig,Jg') ~ |iF| " and we have 


|(t;(1/. A? A)) g)^ 


< 


< 


B,in JlllhllAA. \ ! T°‘ (^ \ It \ 

/i -r I— \^ie) 


loj.a 

9,hy 


a,a'Gr„ vlPP 

\{f,hr) 


sup 


a.a'Gr„ \/\Ie\„ dist (/e, Jg')’ 


sup 


< 


a,a'Gr„ dist {Ig, Jg') 

sup |(/,h^’“)„| 

a,a'Gr„ \ ' 


— a. I cr I 

T_u),a‘ 

9,hy 


9^hj 


•\/PP 


Now we sum over all the children of J and I satisfying 2 p£ {!) < £ (J) < 2^£ (/) for which J C 31 to obtain 
that 


< [^T„. + ‘Itt. + >VSiPT° + \A4^j sup ^ 

a,a'er„ (J JC3/ 

2-Pl{I)<t{J)<2Pe.{I) 




lU. 

9,hj 
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Now Cauchy-Schwarz gives the estimate 


sup 

a,a'£Tn 


E 




{i,j)env‘’xnv‘^: Jcai 
2-pe.{i)<t{j)<2'’t{i) 


iLj,a 

g,hj 


< sup 

a,a'^Tn 


E 




(/,J)GnX>‘'xnX>“: JC3I 
\ 2-Pt(I)<l(J)<2Pl{I) 


E 


\{9.h-j)^ 


(/,J)GnX>‘'xnX>“: J<Z3I 
\ 2~Pt(I)<l(J)<2Pl{I) 


< 




This completes our proof of (EH) save for the deferral of term A 3 , which we bound below. 


Now we turn to the sum of separated cubes in (16.21) and (16.41) . In each of these inequalities we have either 
orthogonality or ‘quasi’ orthogonality, due either to the presence of a quasiHaar projection such as Aj/, or 
the presence of an appropriate Carleson indicator such as /3p jlpajr (^F). We will prove below the estimate 
for the separated sum corresponding to (16.21) . The corresponding estimates for (16.41) are handled in a similar 
way, the only difference being that the ‘quasi’ orthogonality of Carleson indicators such as Pp jlpctj^ (F) 
is used in place of the orthogonality of quasiHaar functions such as Af/. The bounded functions (3p j are 
replaced with constants after an application of the energy lemma, and then the arguments proceed as below. 

We split the pairs (I, J) G x occurring in (16.21) into two groups, those with side length of J 
smaller than side length of I, and those with side length of / smaller than side length of J, treating only the 
former case, the latter being symmetric. Thus we prove the following bound: 

A if , 9 ) ^ Y . i(t“(aj/),a:^5)j 

(7,7)6015''xOD" 

7nJ=0 and t.{J)<2~Pi{I) 

^ \/^II/IIl2(o-) llffllL2(,^) ■ 

We apply the ‘pivotal’ bound from the Energy Lemma [5] to estimate the inner product (r“ (AJ/), Aj^)^ 
and obtain. 


|(r“ (A?/), A^g) J < ||A^g||^.(^) P“ (J, |AJ/| a) 

Denote by dist the distance in R”: dist(x, 2 /) = maxi<j<„ — j/j|, and denote the corresponding 
quasidistance by qdist(a;, 2 /) = dist . We now estimate separately the long-range and mid¬ 

range cases where qdist (J, I) > i (/) holds or not, and we decompose A accordingly: 


The long-range case: We begin with the case where qdist {J, I) is at least i (/), i.e. J (~l 3/ = 0. Since 
J and I are separated by at least max{£ (J) ,i (/)}, we have the inequality 


f HJ) 
\y - 


\AJfiy)\daiy)<\\A^J\\p,^^^ 


HJ)V\T\: 

qdist (/, 


P“(J,|A 5 ^/|a) 
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since Jj\AJf {y)\da (y) < ||Af/||^ 2 (^) a/RU- Thus with A(/,g) = we have 

A{f,9) < E iiauiIl^(.) 

I^nv J : e(J)<t(I): qdist(/,J)>£(7) 

UT) 




with A (/, J) = 


qdist (J, “ 

^ E l|A?/|R.(,)||A^g||^.(^)A(J,J) 

{ij)ev 

£{J) 




qdist (/, “ 

and V = {(/, J) G riP X QV : i (J) < £ (J) and qdist (I, J) > £ (/)} . 

Now let HVn = {_ftr G ni? : £ (K) = 2-^} for each N & 1. For N G h and s G Z+, we further decompose 
A if, g) by pigeonholing the sidelengths of / and J by 2^ and 2^“^* respectively: 

OO 

Aif,9) = EEA^(/’ff); 

s-O N^Z 

ANif^g) = E II A7/I1l2(ct) II Ajg||^2(^)(J, J) 

where V'fi = {(/, J) G VtVj,[ x rtV^-s : qdist (I, J) > ^ (/)} . 

Now (/, g) = .41^, (P^/, P‘;(r_s5) where P^ = E denotes quasiHaar projection onto Span 

K^Q,T^m 

and so by orthogonality of the projections {PmImcz have 


E ^77 (/iff) 


Nez 


= Y. \A%{p%f,p%-s9)\ < E P^iiiip^/iiL=(.)l|p)^-.fflL2(^) 

N^Z N& 

< |supP^||j(^||P^/||i2(.J (EI|P^^-«5|| 

Uez J Vi^z / 


< j ll^^ll r II/IIl:^(<t) llffllL 2 (<^) ■ 


\n& 


2 


Thus it suffices to show an estimate uniform in N with geometric decay in s, and we will show 
(6.5) l^^(/,ff)l<A2-«yif||/||p2(,)||5lL2(^), fors>0and7VGZ. 

We now pigeonhole the distance between / and J: 

OO 

A%if,g) = E^ 77.7 (/iff); 

7=0 

^77,7 (/iff) = E l|A7/llL2(cr) l|Ajg|R 2 (^) zl (/, J) 
where = {(/, J) G D.Vn x ODm-s '■ qdist (/, J) ~ 2^''‘^} . 


If 


we define "H ^ to be the bilinear form on £‘^ x £‘^ with matrix [A (I, j)e'P‘ ■> then it remains to 
H ^ of H on the sequence space £'^ is bounded by C' 2 “'*“^y/A^. 


show that the norm 


In turn, this is equivalent to showing that the norm 


n 


^ (-^77 7 ) ^2 ^2 bilinear form TL (^Bf^ ^ 

(^A%f H ^ on the sequence space £‘^ is bounded by (7^2“^®“^^Here Ti. (^Bf^ is the quadratic 
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form with matrix kernel 






having entries: 


E AiI,J)AiI,J'), 

I^QT^N- qdist(/, J)ssqdist(/, 


for J, J' G VLVn-s- 


We are reduced to showing, 

11'^ {B%,t) for s > 0, £ > 0 and G Z. 


We begin by computing ^ (J, J'): 


B%AJ,J') = 


E 


e{j) 


ienT>N qdist (/, J) 

qdist(7, J)s:iqdist(^/, 


n+1—a 




t{J') 


qdist (/, J') 


n+1 —a 




V I/I _ - _ 

qdist (/,J)”+'-“ qdist (/,J'r+'-“ 

qdist(7, J)ssqdist(^7, 




Now we show that 


( 6 . 6 ) 


\B 


Nl\ 




< 2 


-2s-2i 


A? 


by applying the proof of Schur’s lemma. Fix / > 0 and s > 0. Choose the Schur function P (K) = 


/\K\. 


Fix J G ^IVm-s- We now group those / G VIVm with qdist (/, J) « 2^+^ into finitely many groups Gi, ...Gc 
for which the union of the / in each gronp is contained in quasicnbe of side length roughly , an 

we set /^ = [J / for 1 < fc < G„. We then have 

l€iGk 


j'envN.s ^ ' 


E 


j' ^0,1) N — s 

qdist(J^J)<y^2^+^+2 

= A B. 


^^b%aJG') + 


, ^ AJ') 

j'enDjv-s 

qdist 3 ^ 2 "+'^+^ 


T\BN,i (d) d j 


^ 3 
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where 


A < 


E 

J' —s 


E 

I G ^ 22 ? 


\il 


qdist(j,j')< l,qdist(/,J)Ri2 


q2{N—s 


22{i+N){n+l-a 


\J'[ 


E 

j' ^Q.T> M — s 

qdist(j,j')<y^2"+'^+^ 

2AN-S) ^ 
1 —a) 2-^ 


Ei^^ 


22 (A^—s 




f 22{i+N){n+l-a) 1"^ 


22 (^+A^)(n+l —a) 


5, 2 


- 2 s- 2 ^ 


E 


E I 

^—1 J' gQT^n — s 

qdist(j,j')< ,^2'^+'^+^ 
k 1(7 I 100 _ U 


\J'\ 


< 2 - 2 «- 2 ^^: 


2 ’ 


since the quasicubes and J are well separated. If we let Qk be the smallest quasicube containing 

the set 


Ek= U J' , 

j'enT>N-s: qdist(l^,j')a2^+‘ 
qdist(j,j')>^2~‘+'^+^ 


we also have 


B < 


< 


E 

J G N — s 


E 


\il 


22 (A^—s 


qdist(j,j')>^2^+^+2 [qdist(/,J^)j^qdist(/,J)j^2^ 


22{£-\-N){n+l-a) ' 




< 


V I V i/*i \ —EE^_ij'i 
J^GnX>jv-s I k: qdist(l*J')^2^+^ 

qdist(j.j')>Tfe2^+^+= ^ 

22 {N-s) C"" 

22(£+N')(n+l-a) 


k=l 


< 2 


-2s-2i 


E 

fc=i 


IQic 


2 (^+A^)(n—a) 2 (^+^)(^~Q;) 


< 2 


— 2s—2£^a 


since the quasicube is well separated from the quasicube Qk- 
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Thus we can now apply Schur’s argument with (oj)^ = = 1 to obtain 


< 


j, s 

Z (»^)^ {E (JY') I + E <Y. |e (J, J') 


J J' 


l-2s-2ij^a 


This completes the proof of (16.61) . We can now sum in i to get (16.51) and we are done. This completes our 
proof of the long-range estimate 


ll/ll 


L2(cr) . 


At this point we pause to complete the proof of (Ell. Indeed, the deferred term A 3 can be handled using 
the above argument since 3Jn/ = 0 = Jn3/ implies that we can use the Energy Lemma [8] as we did above. 


The mid range case: Let 

V = {(/, J) GflVxnV: J is good, i{J) < 2-P£{I), J C 3/\/} . 

For (/, J) G V, the ‘pivotal’ estimate from the Energy Lemma [5] gives 

|(T“ (AJ/), A“5)J < ||A“5||^.(^) P“ (J, |A-/| a) 

Now we pigeonhole the lengths of I and J and the distance between them by defining 

GnVxnV : J is good, £ (J) = 2^, £ (J) = 2^-^ J c 3/ \ I, 2''-^ < qdist (I, J) < 2‘^} . 

Note that the closest a good quasicube J can come to I is determined by the goodness inequality, which 
gives this bound for 2^ > qdist (I, J): 

£{Jf = }-2^0--B)2iN-s)e ^ 12^"^®; 
which implies N — es—l<d<N, 

where the last inequality holds because we are in the case of the mid-range term. Thus we have 

^ |(r“(AJ/),A^5)J< E l|A:^g|L.(^)P“(J,|AJ/|a)^ 

00 N 


Now we use 


= E E E E l|A:^5||^.(^)P“(J,|Af/|a)^|JL. 

s=p NGZ d=N-es-l 


U|AJ/|a) = ^ 


£(J) 


< 


I iHJ) + \y-cj\) 

2N-S 


n+1 —O' 


3^ |A//(y)| dcr (y) 


2<i(n+l —a) 


l|AJ/IL.(.) ^ 
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and apply Cauchy-Schwarz in J and use J C 31 \ I to get 


< 


^ |(T“(AJ/),A^5L 

oo N 

E E E E 

s—p Nd—N—ss — 1 


EEEEiiA-fii v^vW\4 

2d(n+l-a) W^IJWL^ia) 2^("-“) 


E 




jyiiL 2 (cj) 


\ J(13I\I and qdist(7, 


2N—s(2N{n—a) 

^ (i+-)E E 2(-/V—es)(n+l —a) ■V^ E IIa?/IIt^(.) 

S=p N£l, I^ViVn 


\ 


A 11*5911 


2 

L 2 (^) 


>7 G ^22!? AT — s 

JC3I\I 


< {l + es)^2 


-s[l-e(n+l-a)] 


\/^ ll/llL2(cr) ll5llL2(in) ^ \\f\\L^{cr) WsWl^^ui) ^ 


s=p 


where in the third line above we have used J2d=N-es-i 1 ^ 1 + in the last line ^(M-es)(l+i-a) = 

2 -s[i-e(n+i-a)] followed by Cauchy-Schwarz in / and TV, using that we have bounded overlap in the triples 
of / for / G V.'Dn. More precisely, if we define fk = S/Gnx>fc and gk = X]/Gax>fc Ajg/ij, then we 

have the orthogonality inequality 


E Wf^h^ia) ll55V-s|l LHuj) < 

N& 


( E Il7^lli2(a)^ 

VlVGZ / 

II/IIl 2 (o-) II5IIl2(^) ■ 



2 


We have assumed that 0 < e < in the calculations above, and this completes the proof of Lemma 

m " “ □ 


7. Corona Decompositions and splittings 

We will use two different corona constructions, namely a Calderon-Zygmund decomposition and an energy 
decomposition of NTV type, to reduce matters to the stopping form, the main part of which is handled by 
Lacey’s recursion argument. We will then iterate these coronas into a double corona. We first recall our 
basic setup. For convenience in notation we will sometimes suppress the dependence on a in our nonlinear 
forms, but will retain it in the operators, Poisson integrals and constants. We will assume that the good/bad 
quasicube machinery of Nazarov, Treil and Volberg [Vol] is in force here. Let be an (r, £:)-good 

quasigrid on R", and let ogt corresponding quasiHaar bases as 

described above, so that 

/= ^ AJ/and5= ^ A^g , 

/GfiX’" JGnX>“ 

where the quasiHaar projections A'Jf and Ajg vanish if the quasicubes / and J are not good. Inequality 
(12.811 is equivalent to boundedness of the bilinear form 

r“ (/, g) ^ (T“ (/), 5)^ = E (^?/) - 

leQ'D'’ and JeQ'D'^ 




on (cr) X (w), i.e. 
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7.1. The Calderon-Zygmund corona. We now introduce a stopping tree T for the function f G {a). 
Let be a collection of Calderon-Zygmund stopping quasicubes for /, and let be the 

associated corona decomposition of the dyadic quasigrid . 

For a quasicube I G let be the flP'^-parent of I in the quasigrid and let ttj^I be the 

smallest member of T that contains I. For F, F' G F, we say that F' is an J^-child of F if ttjt {'kqx>’’F') = F 
(it could be that F = TTaT><^F'), and we denote by Cjr (F) the set of F-children of F. For F G F, define the 
projection onto the linear span of the quasiHaar functions 

leCp i&Cp, aGr„ 

The standard properties of these projections are 

/ = E PS./’ / i^cj) ^ = 0, ii/iii.(.) = E ■ 

FeF •' FeF 


7.2. The energy corona. We must also impose a quasienergy corona decomposition as in [NTV4] and 
[T,a,SaTJr2) . 

Definition 9. Given a quasicube So, define S (Sq) to be the maximal subquasicubes I G Sq such that 

(7.1) ^ f P" psubgood,.^ 2 ^ 

where is the constant in the deep quasienergy condition defined in Definition 0 and Cenergy is a 

sufficiently large positive constant depending only on t > r,n and a. Then define the a-energy stopping 
quasicubes of So to be the collection 

OO 

5 = {5o} U y 

n—0 

where So = S {So) and Sn+i = y *5 {S) for n> 0. 

sgs„ 

From the quasienergy condition in Definition [8] we obtain the cr-Carleson estimate 

(7.2) 


^ \S\^<2\Il, IgDVF 

SeS: SCI 

Indeed, using the deep quasienergy condition, the first generation satisfies 
(7.3) 


E 1^1. 

seSi 


< 


< 


< 


1 


C^energy 


2 

+ A“ 


1 


C^energy 

(d-p) 

2 

+ Al“ 


^T,r,n,a 


C^energy 

(d“p) 

2 

+ Al“ 


E E 

SeSl JGA4^-deep(S) 


tE E 

Sg5i JGA1.^-deep(S) V 

E E 

SGSi J^Ai(r,e)-deep{S) 


(■/, lSo\7JC^) 

\J\- 

. kl" ) 


psubgoodjo; 




psubgoodjCJ 


LHu,) 


/p“(j,isofT)y 

psubgood,CL; 

^,7 ^ 

V \J\^ J 



2 

L^ui) 


Gt ,r,n,c 


— 

r / , \ 2 1 

C^energy 

/ ^deep \ ^a,punct 


(f^PP’ug)' |5o|. = i l^ol. , 
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provided we take Cenergy 


D plug \ 2 

O/^ _ )_ 


and where from Corollary [T] we have f^eeppiug < ^^deep 


+ Y The third inequality above, in which t is replaced by r (but the goodness parameter e > 0 

is unchanged), follows because if Ji € Ai-r-deep (S), then Ji C J 2 for a unique J 2 £ A^(r,£)-deep (S) and 

we have ^ (<^ 2 ) ^ 2 t* from the definitions of A^t —d66p (*^) and — deep {S), hence ^ ^ 

|Jl|n 




P“(^ 2 Tso'^) 

I - 1 -• 

|d 2 F 


Subsequent generations satisfy a similar estimate, which then easily gives (EH)- We 


emphasize that this collection of stopping times depends only on Sq and the weight pair {a,uj), and not on 
any functions at hand. 

Finally, we record the reason for introducing quasienergy stopping times. If 


(7.4) 


Xa (Cs) = sup T-7 
/GCs bl 





2 


psubgoodjo; 

^ j ^ 


2 


is (the square of) the a-stopping quasienergy of the weight pair (cr,uj) with respect to the corona Cg, then 
we have the stopping quasienergy hounds 

(7.5) (Cs) < + ^2 + 5 g 5, 

where and the the deep quasienergy constant are controlled by assumption. 


7.3. General stopping data. It is useful to extend our notion of corona decomposition to more general 
stopping data. Our general definition of stopping data will use a positive constant Cq > 4. 

Definition 10. Suppose we are given a positive constant Cq > 4, a subset T of the dyadic quasigrid 
(called the stopping times), and a corresponding sequence olj: = {ajr of nonnegative numbers 

ajr [F) > 0 (called the stopping data). Let (J^, ^, 7 rjr) be the tree structure on F inherited from , and 

for each F G F denote by Cp = {I G : npl = F} the corona associated with F: 

Cf = {I G : I C F and I F' for any F' ^ F} . 

We say the triple [Cq, F,ap) constitutes stopping data for a function f G (cr) if 

(1) E7 I/I < ajr (F) for all I G Cp and F G F, 

(2) I^'I. < Co \F\, for all F G F, 

( 3 ) Epe^cxr{Ff\F\^<Ci\\f\\l.^^y 

(4) ap (F) < ap (F') whenever F', F G F with F' C F. 

Definition 11. If (Cq, F,ap) constitutes (general) stopping data for a function f G (a), we refer to 
the othogonal decomposition 

FeF /GCf 

as the (general) corona decomposition of f associated with the stopping times F. 

Property (1) says that ap (F) bounds the quasiaverages of / in the corona Cf, and property (2) says that 
the quasicubes at the tops of the coronas satisfy a Carleson condition relative to the weight a. Note that a 
standard ‘maximal quasicube’ argument extends the Carleson condition in property (2) to the inequality 

\F'\^ < Co l^dl^ for all open sets A c M". 

F'GF: F'CA 

Property (3) is the ‘quasi’ orthogonality condition that says the sequence of functions {ap (F) IfIfgf 
the vector-valued space ; cr), and property (4) says that the control on stopping data is nondecreasing 

on the stopping tree F. We emphasize that we are not assuming in this definition the stronger property that 
there is C > 1 such that ap (F') > Cap (F) whenever F',F G F with F' C p Instead, the properties (2) 
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and (3) substitute for this lack. Of course the stronger property does hold for the familiar Calder on-Zygmund 
stopping data determined by the following requirements for C > 1 , 

I/I > I/I whenever F',F with F' C F, 

E/ I/I < CE^ I/I for I e Cf, 

which are themselves sufficiently strong to automatically force properties (2) and (3) with uf {F) = E^ |/|. 

We have the following useful consequence of (2) and (3) that says the sequence {a^ (F) has a 

‘quasi’ orthogonal property relative to / with a constant Cq depending only on Cq: 

2 


(7.6) 


X! 




<^^0ll/fLV)- 


LH<t) 


Indeed, the Carleson condition (2) implies a geometric decay in levels of the tree F, namely that there are 
positive constants Ci and e, depending on Cq, such that if (F) denotes the set of generation children 
of F in F, 

|i^'|„ < (C'i2-"’")^|F|^, for all n > 0 and F e F. 

From this we obtain that 

oo oo 

"-^F'GC/'/f): 


n—0 


Y aF(F')"|F'UCi2-^-^ 
\ F'gc/^/f) 




£ 2 — ^ aFiF'f\F%, 

"-=0 F ' g £(// f ) 


and hence that 


n=0 f'gc1//f) 


FGF 


< 


< 


^ aF(F) J|F| 


FeF 




5^2— ^ aF(F0"|F'|, 

^ "=0 F'gc(//f) 


/ 


Vfgf / 


E2-^”E E 

n=0 


< 


\L^a) 


Y aF{F'f\F'' 


< 


ihia) ■ 


KF'€F 


This proves (17.61) since ||X)fgf'^- 7^ ^^’llL 2 (cr) dominated by twice the left hand side above. 

We will use a construction that permits iteration of general corona decompositions. 

Lemma 11 . Suppose that (CojF, a^) constitutes stopping data for a function f € (ct), and that for 

each F G F, (Co,F (F) ,aF:(F)) constitutes stopping data/or the corona projection Pcpf> where in addition 
F gK (F). There is a positive constant Ci, depending only on Cq, such that if 

K.*{F) = {K GlC{F)nCF:a^^F){K)>aF{F)] 

F = U F* (F) U {F} , 


fgf 


aK(F) {K) for KgF* (F) \ {F} 

max {aF (F) ,aK:(F){F)} for K = F 


a/C (K) 


for FgF, 
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the triple {Ci,IC,aic) constitutes stopping data for f. We refer to the collection of quasicubes K. as the 
iterated stopping times, and to the orthogonal decomposition f = iterated corona de¬ 

composition of f, where 

C’^ = {I em)I C K and I gL K' for K' K} . 

Note that in our definition of (Ci, /C, ajc) we have ‘discarded’ from JC (F) all of those K & 1C (F) that are 
not in the corona Cf, and also all of those K G 1C (F) for which afc(F) (K) is strictly less than ajr (F). Then 
the union over F of what remains is our new collection of stopping times. We then define stopping data 
a/C (K) according to whether or not K G F: ii K ^ F but K G Cp then a/c {K) equals ajc(F) (K), while if 
K G F, then a/c [K) is the larger of a/c(F) [F) and ajr (K). 

Proof. The monotonicity property (4) for the triple (Ci,IC,ajc) is obvious from the construction of /C and 
a/c (K). To establish property (1), we must distinguish between the various coronas and that 

could be associated with K G 1C, when K belongs to any of the stopping trees 1C, 1C {F) or F. Suppose 
now that / G for some K G 1C. Then there is a unique F G F such that C C Cp, and 

so Ef I/I < aplF) by property (1) for the triple (Co, J", ajr)- Then ap {F) < a/c (NT) follows from the 
definition of a/c {K), and we have property (1) for the triple (Ci,/C,a/c). Property (2) holds for the triple 
(Cl,/C, a/c) since M K G Cp, then 

^ IK% = ^ IK%+ ^ j;: \KX 

K'^pK K'^K(F): K'dK F'^j.F: F'CK K'eJC(F') 

< Co\K\^+ Y. Co\F'l<2C^,\K\^. 

F'CK 

Finally, property (3) holds for the triple ((7i,/C,a/c) since 

KeK FeFK&IC(F) FeF 

< E ^0 l|Pc./|ll.(.) + c^o mU.) < 2c^ mU.) ■ 


7.4. Doubly iterated coronas and the NTV quasicube size splitting. Here is a brief schematic 
diagram of the decompositions, with bounds in q, used in this subsection: 



We begin with the NTV quasicube size splitting of the inner product {T^f, g)^ - and later apply the iterated 
corona construction - that splits the pairs of quasicubes (/, J) in a simultaneous quasiHaar decomposition 
of / and g into four groups, namely those pairs that: 

(1) are below the size diagonal and p-deeply embedded, 

(2) are above the size diagonal and p-deeply embedded, 
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(3) are disjoint, and 

(4) are of p-comparable size. 
More precisely we have 




(r (A?/), (A^g))^ 

leCi'D’’, JeCi'D'^ 

(T“ (AJ/), (A:^5))^ + ^ (T“ (AJ/), (A:^5)L 

isnv”, jenv“ /en-D'^. jGnx>“ 

J<Ep,eI Jp.eSi 

+ Y. (T“ (A?/), (A^5)L + E (T“ (Af/), (A^5)). 


lenv^, jghd'^ 
jn/=0 


/ghd", 

2-P<l{J)/t(I)<2P 


— Bgp,, (/jS) + Bp,,,=) (/,5) + Bn (/,5) + B/ (/,ff) • 


Lemma [5] in the section on NTV peliminaries show that the disjoint and comparable forms Bp (/, g) and 
B/ (/, g) are both bounded by the quasitesting and quasiweak boundedness property constants. 

The below and above forms are clearly symmetric, so we need only consider the form ,, if,g)’: to which 
we turn for the remainder of the proof. 

In order to bound the below form Bg^,, (/jff): we will apply two different corona decompositions in 
succession to the function f € (tr), gaining structure with each application; first to a boundedness 

property for /, and then to a regularizing property of the weight a. We first apply the Calderon-Zygmund 
corona decomposition to the function f € (u) obtain 


I = A p?f/- 

Fej^ 


Then for each fixed F € T, construct the quasienergy corona decomposition {Cs} 5 g 5 (i 7 ’) corresponding to 
the weight pair (cr,w) with top quasicube Sq = F, as given in Definition [S] At this point we apply Lemma 
[TTlto obtain iterated stopping times S and iterated stopping data {S)}g^g. This gives us the following 
double corona decomposition of /, 

(7-7) / = E = E E PcAPcA/ = E PcA/ ^ E Pc./, 

FeF F&F S&S*(F)U{F} SeS AeA 

where M = 5 is the double stopping collection for /. We are relabeling the double corona as A here so as to 
minimize confusion. We now record the main facts proved above for the double corona. 


Lemma 12. The data A and {a^x satisfy properties (1), (2), (3) and (4) in Definition\l(A 

To bound Bg^ ^ (/, 5) we fix the stopping data A and {ajx (A)}^g _4 constructed above with the double 
iterated corona. We now consider the following canonical splitting of the form Bg^ ^ (/, g) that involves the 
quasiHaar corona projections PA acting on / and the T-shifted quasiHaar corona projections PA_ahift acting 

^ B 

on g. Here the r-shifted corona is defined to include only those quasicubes J € Cb that are not 

T-nearby H, and to include also such quasicubes J which in addition are r-nearby in the children B' of B. 


Definition 12. The parameters t and p are now fixed to satisfy 

r > r and p > r + t, 

where r is the goodness parameter already fixed. 


Definition 13. For B G A we define 

= {J G Cb '■ J ^T.e B} U (J {J ^ : J ^T,e B and J is T-nearby in B'} . 

B'GCa(B) 


We will use repeatedly the fact that the x-shifted coronas Cg have overlap bounded by t; 

E ("7) — ’’’> 


BeA 


(7.8) 


J G VlV. 
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The forms ^ if^d) are no longer linear in / and g as the ‘cut’ is determined by the coronas Cp and 
which depend on / as well as the measures a and uj. However, if the coronas are held fixed, then 
the forms can be considered bilinear in / and g. It is convenient at this point to introduce the following 
shorthand notation: 

(t: (PU) > ^ ^ (T“ (AJ/), {A-jg))^ . 

\ '~'B / CO 

I£Ca and 

We then have the canonical splitting. 


(7.9) 




if, 9 ) 


= E (r"(P?U).P^- 


A,BeA 


shift Q 




A^A 


A,BeA 

B<gA 


+ E (t^“(Pc./)>Pc— 5 )^""+ E (t^“(Pc./).Pc— 

\ i3 ' CO ' i3 ' (j, 


A,BeA 

B^A 


A,BeA 

AnB=ti 


— Tdiagonal if, 9^) ~P ~Pfarbelow if: 9) ~P Tfarabove if, 9^) ~P "Pbisjoint if, 9^) ■ 

Now the final two terms Tfarabove (/, 5 ) and Tdisjoint (/, 5 ) each vanish since there are no pairs (/, J) € 
Ca X with both (i) J I and (ii) either B‘^AoiBf\A = %. 

The far below term Tfarbeiow (/, 5 ) is bounded using the Intertwining Proposition and the control of 
functional energy condition by the energy condition given in the next two sections. Indeed, assuming these 
two results, we have from t < p that 


Tfar below (/i <?) — ^ ^ ) 


A.B^Ai^Ca and JgCI 
B<gA 


(T“(A?/),(A(^ 5 )). 

(T“(AJ/),(A:^5)). 


{T:{Aff),{A-jg))^ 

(T“(A?/),(A(^ 5 )). 


J ^p,e-^ 

= E E E 

B^Aa^A-. B<^Ai^Ca and 

J ^p,e^ 

= E E E 

BeAAeA-. B^AleCA and tgCJ-"***^* 

-EE E 

BgAAgA: B^Ai^Ca and 
"^far below i 9 ) "^far below (.f ^ 9) ' 

Now below if^ 9 ) bounded by AfTVa by Lemma [S] since J is good if Aj^ ^ 0. 

The form {f,g) can be written as 

TLbelow(/,5) = E E (C(A?/),5H)a,; 

B^Al^nv-. B<^I 

where gB = E ■ 

The Intertwining Proposition [T] applies to this latter form and shows that it is bounded by AfTVa + t?q 
T hen Proposition [5] shows that Uq < AfTVa + £a, which completes the proof that 


(^•lO) |Tfarbelow (/) 3)1 ^ (A/'TVa + fa) ||/|lb 2 (£,) ||5||^2(^) . 

The boundedness of the diagonal term Tdiagonal if, g) will then be reduced to the forms in the para- 
product/neighbour/stopping form decomposition of NTV. The stopping form is then further split into two 
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sublinear forms in (110.61) below, where the boundedness of the more difficult of the two is treated by adapting 
the stopping time and recursion of M. Lacey [Lac] . More precisely, to handle the diagonal term Tdiagonal (/> 5 ) > 
it is enough to consider the individual corona pieces 


^ {f,g) ^ {P^cJ) , ’ 

and to prove the following estimate: 

<(Arrv„ + £:o) 

Indeed, we then have from Cauchy-Schwarz that 




E 

p,e 

if, 9) 

= Ehi,. (p?A.p?;- 

AgA 



AgA 

< {^frvc. 

+ 

£a) ( 

E«A(dl)^|dl|, + ||P2,/ 



\ 

^AgA 

< i^frvc. 

+ 

II 

/ lL2(cr) 5 lL2(i.a) I 


(<t) 


^ II Pc;:-"“‘5 


\A^A 


2 


where the last line uses ‘quasi’ orthogonality in / and orthogonality in both / and g. 

Following arguments in [NTV4) , [Vol] and [LaSaShlJr] , we now use the paraproduct / neighbour / stopping 
splitting of NTV to reduce boundedness of ^ (/, g) to boundedness of the associated stopping form 

(7.11) Blp(/,5)^ ^ ^ , 

/Csupp/ and 

where / is supported in the quasicube A and its expectations EJ |/| are bounded by a a {A) for I G C^, 
the quasiHaar support of / is contained in the corona C^, and the quasiHaar support of g is contained in 
and where Ij is the flP-child of I that contains J. Indeed, to see this, we note that AJ f = Ij AJ f 
and write both 


1/ = 1/j + > 

S{Ij)e£nT>iI)\{Ij} 

1/j = 1 a - 1a\/j , 

where 9 {Ij) S £qx> {I) \ {Ij} ranges over the 2"’ — 1 S12?-children of I other than the child Ij that contains 
J. Then we obtain 

{T^AU,^j9)^ = (T“(1/,AJ/),A)^5).+ E 

= (E?,AJ/)(T;(ld,),A)^g)^+ E (^“(l«aAAJ/),A)^5)^ 

6{Ij)eCn'D{I)\{Ij} 

= {EIAU){t:1a,Aj9)^ 

-{ElAU) {T^lA\i,,A-jg)^ 

+ E (C(i.(/.)Aj/),A;^ff)^ , 
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and the corresponding NTV splitting of ^ (/, 5 ): 




E 


(T“(AJ/),A:^5). 


IA S'lid 

J ^p,e^ 


E 


I^Ca S'lid 

J ^p,e^ 


E 


(Ef^Af /) (T“l^,A^g)^ 


IA S'lid 

</ ^p,e^ 


+ E E <U"(l.(wA?/),AW„ 

/GCa and 

^p,e^ 

— ^paraproduct (/^i 5^) ^s£op if ; 5) ^neighbour if ; 5^) * 

The paraproduct form ^paraproduct if^ 9) easily controlled by the testing condition for Indeed, we have 


^paraproduct if, 9) = 


^ (E5^,AJ/)(T“l^,A^g), 


I^Ca and '^^^a 
J ^p,ei 


^ (r“u,A^5)J E 

[/GCa: Jigp.e/ 

^ (r“iA,A:^5L{iEznT)y-EA/} 


JGC" 


r“l^, ^ {E-,(^)y-E^/}A^g\ 


where /*’ (J) denotes the smallest quasicube I G Ca such that J (Sp^g /, and of course /*’ (J)j denotes its 
child containing J. We claim that by construction of the corona we have (J) , ^ and so 


^Wj)J 


< 


Ea i/I E (A). Indeed, in our application of the stopping form we have / = Pc^/ and g = P^-r-ahitt5, 
and the definitions of the coronas Ca and together with r < t < p imply that /*' (J)j ^ A for 


J e 


Thus from the orthogonality of the quasiHaar projections A‘jg and the bound on the coefficients y-E^/ < 

a A (A) we have 


B, 


paraproduct 


(/>'?) I = 


/r“lA, ^ {E-,(^)y-E^/}A^g\ 

\ jgcT-"“‘ / 


< 


aA{A) ||1aT“1a|L.(,,) 


n 

I ^T-shifty 


L2(u;) 


< Tt<« ttA (^) \[\Mc 


^T —shift Q 

^ A 




because 


9 < (supj|Aj|) ^J9 


L^{uj 




Next, the neighbour form ^neighbour if, 9) i® easily controlled by the A2 condition using the Energy Lemma 
m and the fact that the quasicubes J are good. In particular, the information encoded in the stopping tree 
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A plays no role here. We have 

BLgMour(f,3)= E E 

IGCa and S(/j)GCr!'D(/)\{/j} 

Recall that Ij is the child of I that contains J. Fix 9 (Ij) G Clnx> {!) \ {Ij} momentarily, and an integer 
s > r. The inner product to be estimated is 

(t: (Mia AJ f),^j9)^ = • (T“ (l,(,,)), . 

Thus we can write 

(7.12) E E {T:{Mij)a),A-g)^ 

leCA and 6{Ij)e£nT>iI)\{Ij} 

Now we will use the following fractional analogue of the Poisson inequality in |Vol) . We remind the 
reader that there are absolute positive constants c, C such that c | J| " < i (J) < C | J| " for all quasicubes J, 
and that we defined the quasidistance qdist (i?, F) between two sets E and F to be the Euclidean distance 
dist {p,~^E, between the preimages under fl of the sets E and F. 


Lemma 13. Suppose that J C I C K and that qdist {J,dl) > (JY £ (/) ^ ■ Then 

1 —£(n+l —(a) 


(7.13) 

Proof. We have 




P“ «^E2 

and (2'^j) fl (AT \ /) ^ 0 requires 


| 2 '=J|^ " J{2>^j)n{K\i) 


k=0 


da, 


qdist (J, K\I) < c2^£ (J) , 

for some dimensional constant c > 0. Let /cq be the smallest such k. By our distance assumption we must 
then have 


£ {Jf I {lY~^ < qdist (J, dl) < c2^°£ (J), 


or 


2-/C0-1 < 


£{I) 


l—£ 


Now let fci be defined by 2^“^ = Then assuming fci > (the case fci < fco is similar) we have 


P“ (-1; ^Xk\^ 


£{J) 

ki OD 

E + E[2 

^k—ko k—ki 
il-- 


— k 


|2'=J|^ " J{2'^j)n{K\i) 


da 


< 


i/r 


|2fcoJ|l n \\I\^ " J { 2 '‘lj)n(K\I) 

(1 —£)(n+l —a) 


da] +2-'=^P“ {l,ax\i) 


< 


(^) (ii) -(--v)^li-(P^x..), 


which is the inequality (17.131) . 


□ 


Now fix Io,Ie G ^n-D {!) with Iq Y 7e and assume that J (Sr,E lo- Let = 2 ® in the pivotal estimate 
in the Energy Lemma [5] with J C Iq C I to obtain 

|(r“ (l,,a), A-jgU < IIA:^5|Il^m V^P“ {J, he^) 

Y \\^^j9\\lh.) ^/\A. ■ (Jo, l,^a). 
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Here we are using (17.131) . which applies since J C lo¬ 
in the sum below, we keep the side lengths of the quasicubes J fixed at times that of /, and of course 
take J c /q. We estimate 

AiI,Io,Ie,s)= Y. |(iC(l/.aAf/),A^5)^| 

< AJ/I P“(/o, li,a) Y 

J : 2H(J)=i{I): Jdo 

A{I,Io,Ie,sr= Y W^JdWY.)- 

^g^^-shift: 2‘l{J)=i{iy. Jdo 

The last line follows upon using the Cauchy-Schwarz inequality and the fact that A‘jg = 0 if J ^ 

We also note that since (J) =£(/), 

(7.14) ^ A{I,Io,Ie,s)^ 

Y Y Hi,io,h,sf 

I^Ca 

Using 

(7-15) |EJ,Af/I < ^E- |Af/|^ < ||Af/||^.(^) |/,|;^ , 

we can thus estimate A{I, Iq, Ie,s) as follows, in which we use the A 2 hypothesis supj = H 2 < 00 : 


JGC’ 


U \\^j9\\d{uj) ; 

-shift. 2<i+i£(J)=f(7): Jd 


< 


P))-r-shift3 

c A 


d(u,) 


since P“(/o, l/eCr) 


A{I, lo, Ie,s) < W^lfWdi.) HI, lo, I 9 , s) ■ \Ie\H P“(/o, 

< WA-jfWm.) HI, lo, Ie,s), 

\Io\, 


< 


Pod 


shows that 


|/,|;5P“(Jo,l/,a) J\Io 


< 




\I\ 


1-i 


< v^- 


An application of Cauchy-Schwarz to the sum over I using (17.141) then shows that 


Y- Y- Hl,Io,Ied) 


I^Ca 




/ 

\ 

/ Y lL2(cr) 

E 

E 

HI, lo, Ie,s) 

/ /GCa \ 

I^Ca 

IoJe^^nT>{I) 
\ lo^h 

/ 




\ 


E 

leCA 


\ 


Y A{I,Io,Ie,s) 




n 

' ^T —shifty 


^oG£f2x>(^) 


d(oj) 


/ 
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This estimate is summable in s > r, and so the proof of 


I ^neighbour {f,9)\ = 


E 




I^Ca and 

J ^o.e^ 


E E 

IgCa 

lo^h 

^ \\^CAf\\L^{cr) 


L^{u 


is complete. 


It is to the sublinear form on the left side of (I10.7|) below, derived from the stopping form 6^^^^ {f,g), 
that the argument of M. Lacey in |Lac] will be adapted. This will result in the inequality 

(7.16) \Bi,,{f,g)\<(s^^^^ + ^/A|+^/A^^ («a (^) + ||/IL.(.)) 

where the bounded quasiaverages of / in 6^^^^ (/, g) will prove crucial. But first we turn to completing the 
proof of the bound (17.101) for the far below form Tfarbelow (/;S) using the Intertwining Proposition and the 
control of functional energy by the A 2 condition and the energy condition S^. 


8. Intertwining proposition 

Here we generalize the Intertwining Proposition (see e.g. [Expanded] and |SaShUr5] l to higher dimen¬ 
sions. The main principle here says that, modulo terms that are controlled by the 7 -functional quasienergy 
constant and the quasiNTV constant MTV a (see below), we can pass the shifted w-corona projection 
PA-shift through the operator T°‘ to become the shifted cr-corona projection P'^.^-shitt, provided the goodness 

parameters r, e are chosen sufficiently large and small respectively depending on 7 . More precisely, the idea 
is that with T“/ = T“ (/cr), the intertwining operator 

P uj rpct per 

r^T-shift 'Ca 

is bounded with constant 3^^ +AfTVa, provided 7 < In those cases where the coronas 

and Ca are (almost) disjoint, the intertwining operator reduces (essentially) to PA-shiftT^Pg , and then 

B 

combined with the control of the functional quasienergy constant 3 a by the quasienergy condition constant 
£a and A 2 + A 2 '* + provided 7 is sufficiently large depending only on n and a, we obtain the 

required bound (17.101) for Tfar below if, 9 ) above. 

To describe the quantities we use to bound these forms, we need to adapt to higher dimensions three 
definitions used for the Hilbert transform that are relevant to functional energy. 

Definition 14. A collection T of dyadic quasicubes is u-Carleson if 

E \F\,<C^\S\,^ SgT. 

FeJ^: FCS 

The constant Cj: is referred to as the Carleson norm of T. 

Definition 15. Let T be a colleetion of dyadic quasicubes. The good r-shifted corona corresponding to F is 
defined by 

C®ood- —shift = { J g . J p J p' p' g (^)} _ 

Note that (jgfod.'r-shift _ ^x-sinft ^ and that the collections (jspod.-r-sinft bounded overlap 

T since for fixed J, there are at most r quasicubes F G F with the property that J is good and J (ST-,e F 
and J ^T,e F' for any F' G (F). Here (Ljr (F) denotes the set of F-children of F. Given any collection 


po; 

r ^T —shift 
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% C flT) of quasicubes, and a dyadic quasicube J, we define the corresponding quasiHaar projection and 
its localization P^.j to J by 

(8.1) P- = ^ A- and P^^^ = ^ . 

Hew HeW: HCJ 


Definition 16. Let^a be the smallest constant in the ‘functional quasienergy’ inequality below, holding for 
all h G (a) and all a-Carleson collections T with Carleson norm Cjr bounded by a fixed constant C: 


( 8 . 2 ) 


E E 

FeH JeA4(,,e)-deep(H) 


P'^ (J, ha) 

\J\- 


2 


nco 

r ^good ,T —shift 



< ^a\\h\\L2^a) ■ 


This definition of depends also on the choice of the fixed constant C, but it will be clear from the 
arguments below that C may be taken to depend only on n and a, and we do not compute its value here. 
There is a similar definition of the dual constant jj* . 

Remark 10. If in we take h = Ij and T to be the trivial Carleson eolleetion {Ir}^i where the 

quasieubes A are pairwise disjoint in I, then we obtain the deep quasienergy condition in Definition\^ but 
with P“good,T-shift.J in place oy p™'^sood,d; the projection p™t>good.hi larger than P“good,T-ahift.j by 

the finite projection so we just miss obtaining the deep quasienergy condition 

as a consequence of the functional quasienergy condition. Nevertheless, this near miss with h = Ij explains 
the terminology ‘functional’ quasienergy. 


We now show that the functional quasienergy inequality (18.211 suffices to prove an a-fractional n-dimensional 
analogue of the Intertwining Proposition (see e.g. [Expanded] ). Let F be any subset of flD. For any J G VlV, 
we define tt^t J to be the smallest F G F that contains J. Then for s > 1, we recursively define ttjtJ to be 
the smallest F G F that strictly contains This definition satisfies for all s,t > 0 

and J G flT>. In particular vr^J = tt^F where F = tt^J. In the special case F = ftT> we often suppress the 
subscript F and simply write tt'* for ttq^. Finally, for F G F, we write €jr (F) = {F' G F : tt^F' = F} for 
the collection of F-children of F. Let 

AfrVa = xAdf + Ta + WSFa, 

where we remind the reader that Tq and yVBVa refer to the quasitesting condition and quasiweak bound¬ 
edness property respectively. 


Proposition 1 (The Intertwining Proposition). Suppose that F is a-Carleson. Then 


Few I: iDf 




^ (S^a + £a +AfTVa) II/IIl 2(^) llffllL2(hj) 


Proof. We write the left hand side of the display above as 

^ ^ {T:Aff,gF)^=Y. (^“( E AJ/),5f) {KfFFF)^. 


FGF /: /Df 


FGF 


/: I^F 


fgf 


where 


9f 


= P 


n 

^ good jT —shift y 
^ ir 


and fF= Aff 


F. I^F 


Note that ^f is supported in F, and that /f is constant on F. We note that the quasicubes I occurring in 
this sum are linearly and consecutively ordered by inclusion, along with the quasicubes F' G F that contain 
F. More precisely, we can write 

F = Fo C Fi C F2 C ... C F„ C F„+i C ...F^v 

where F^ = 7r™F for all m > I. We can also write 

F = Fq 5 Ji S A 5 ... 5 /fc S Ik+i 5 ^ Ik = Fat 
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where Ik = k> 1. There is a (unique) subsequence such that 

Fm = Ik ^, 1 < m < TV. 

Define 

OO 

fpix) = 


e=i 


Assume now that k^ < k < fcm+i- We denote the 2" — 1 siblings of / by 0 (I), 0 G 0, i.e. {0 {I)}g^Q = 
(7rnx>-f) \ {-f}- There are two cases to consider here: 

0(4)^ J-and0(4)G 

Suppose first that 0(4) ^ F. Then 0(4) G ^Fm+i using a telescoping sum, we compute that for 

^ G 0 (4) c 4+1 \ 4 c 4n+i \ ^mi 

we have 


\fFix)\ = 




£=fe 




On the other hand, if 0(4) G F, then 4+i G and we have 


/F(a;)-A^(j.^)/(a;) 


E 

t=k+l 


<EL+J/I 


Now we write 


If — <Pf + V'f, 


= E ^ik / i^F = If - <fF : 

k,e-. e(ik)eF 

E {T:fF,9F)^ = E (r>F,flF)^+E {T:^F,9f)^ , 

FeF FeF FeF 

and note that both ipp and ijjp are constant on F. We can apply (16.41) using 0 (4) G 4 to the first sum here 
to obtain 

2 


1 

2 


E {t:^f.9f)^ 

< vrva 

E 


M 

fgf 


FGF 

LA<t) 

fgf 


< ^fTV 


a IIJIIl2((t) 


E 115^11 

Lfsf 


2 


Turning to the second sum we note that 

N 


N 


I^fI < E l/l) I/I) If + E I/I) 

m—0 m—0 

(E?,|/|)1f+ E (®^".f'I/I) 

F'^F: FCF' 




< ajr (F) If + E (ff4') 1^^f'\f' 

F'GF: FCF' 

< aj^{F) lid + ^ aj^{7rjrF') If 


F'eF: FCF' 

aF (F) If + 4* If^ , for all F G F, 


$= E «^(^") 1 


F" • 


F"GF 


where 
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Now we write 

^ (T“(1fV'e),5fL+ E ( Wf) , 5fL = ^ + 


fgf 


fgf 


fgf 


Then quasicube testing \{T^lr,gr)J = |(1fT“1f,5f)^| < Tt^v^IT’U llffF|lL 2 (^) and ‘quasi’ orthogonality, 
together with the fact that tjjp is a constant on F bounded by ajr (F), give 


|/|<E I(OfV’f,5f)J< E I(Of,5f), 


fgf 


fgf 


< 


E aF(F)Arrv„^^||5F|li.(^) <Arrv«||/||^.(^) 


fgf 


E 115^11 


2 


.fgf 


Now Ipctjjp is supported outside F, and each J in the quasiHaar support of gp is r-deeply embedded in F, 
i.e. J <£r,e F- Thus we can apply the Energy Lemma |5] to obtain 


|//| = 




fgf 


< 


E E 

^/eA 1 (r,e)-deep(^) 


^-E E 

FGFJGA4(,,e)-deep(F) 

IIq + IIb ■ 


P“ (J, liJ-c^cr) 
Pl+S' (T, lE=$cr) 


Y 

• ^goodjT —shift . 


\F 


Y 

• ^^good ,T- —shift _ j-^ 


L^iuj) 


I|Pj5f|Il2(^) 

I|Pj5f|| 




LHuj) 


Then from Cauchy-Schwarz, the functional quasienergy condition, and ||d>||j;^ 2 (cr) ^ II/IIl 2 (o.) we obtain 


\IIg\ < I E E 

^FGFJGA4(,,e)_deep(F) 


P°‘ (J, 

. \J\" , 


^ Y 

^good jT — shift. 


2 

L 2 (a;) 


E E iiPj5Fiii2(^) 

yFGF JGA4(,,e)-deep(F) 


< 5a||$| 


L^{a) 


E ii^fII 


2 

L 2 (^) 


.fgf 




L2(o-) llffllL2(dj) ’ 


by the r-overlap (j7.8l) of the shifted coronas 

In term IIb the projections P‘f_good,T-shift',* are no longer almost orthogonal, and we must instead exploit 

(Cp ’ j ;J 

the decay in the Poisson integral P“_|_ 5 / along with goodness of the quasicubes J. This idea was already used 
by M. Lacey and B. Wick in [LaWi] in a similar situation. As a consequence of this decay we will be able 
to bound IIb directly by the quasienergy condition, without having to invoke the more difficult functional 
quasienergy condition. For the decay we compute 


kl" 


\J\' 


Jf<^ \y- cj 

OO « 

^ e/ 


n+l+(5—a 


— ^{y)da{y) 


|J|’ 


1 




fXtt^f Idist (cj, (TT^pFf) J \y-cj\ 


n+1 —Q; 


— $(?/) da (y) 


^ E 


|jp 






t=0 


dist (cj, {TTpFy) 


IF 

































50 


E.T. SAWYER, C.-Y. SHEN, AND I. URIARTE-TUERO 


and then use the goodness inequality 

dist (cj, (tt^F)") > if i (J)" > {Ff-^ e ( jy > (J), 


to conclude that 


(8.3) 


' Pl+S' (J, 


h \j\- 


t=0 


P“ (j, p$cr 


F+‘-F\ttI,F - 


|JP 


Now we apply Cauchy-Schwarz to obtain 

P?+y (J,lF<=^>cr) 


= E E 

FGF JGA4(,,,)_deep(^’) 


IJP 


P“ Y 

^^good,-!- —shift ^ 




\\Pj9f\\ 


L^o.) 


< 


E E 

yFGF JGA1(,,e)-deep(F) 


P?+5' 


IJP 


• ^^good,-7- —shift ■ J"^ 


' 1 

2 

y 



Eii^ 




= Vn, 


energy 


El 

L F 


\9f\\l2(ui) 


and it remains to estimate //energy From (18.31) and the plugged deep quasienergy condition we have 


//. 


energy 


< 


FeF J(^M^r.s)-d<,ep{F) t=0 


T. H H 

‘=0 GGFpg£0+l)((3) JGA^(r,e)-deep(^’) 




1 j 

' ^^good jT —shift ^ 




IJP 




^^good jT — shift 'j* . 


< 


FG|rO + l)(Q) J&M(^r,e)-deepiF) 


P“ IgVtt^FO’) 


t=0 


GgF 


|J|- 


psubgood,u;^ 


LHcp) 

2 


< E ^ aF (Gf {£l + /l“) |G|^ < {£l + d“) \\f\\l,^^^. 

t=0 ggf 

This completes the proof of the Intertwining Proposition [T] 


□ 


9. Control of functional energy by energy modulo A2 and yt“>punct 

Now we arrive at one of our main propositions in the proof of our theorem. We show that the functional 
quasienergy constants 5 ^^ as in (18.2|) are controlled by A 2 , and both the deep and refined quasienergy 

constants f)J®®P and defined in Definition [ 8 ] Recall {£a)^ = The proof of this 

fact is further complicated when common point masses are permitted, accounting for the inclusion of the 
punctured Muckenhoupt condition ^“’Punct 


Proposition 2. We have 


and Tc, < f 



Q!,*,punct 

2 
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To prove this proposition, we fix T as in 


and set 


( 9 . 1 ) 


e 

JeA^(r,e)-deepC-f') 


and d^(a;,t) = ^dfj,{x,t) 


where A^(r,£)-deep F) consists of the maximal r-deeply embedded subquasicubes of F, and where 5(^cj,f.{j)) 
denotes the Dirac unit mass at the point (cj, i (J)) in the upper half-space . Here J is a dyadic quasicube 
with center cj and side length I (J). For convenience in notation, we denote for any dyadic quasicube J the 
localized projection P“good,..-shift,^ given in (1511) by 

_ 

' F J — ' ^goodjT —shift _ J — 


E 

J'CJ: 


A 


J'- 


We emphasize that the quasicubes J G Al(r,e)-deep {F) are not necessarily good, but that the subquasicubes 
J' G J arising in the projection j are good. We can replace x by x — c inside the projection for any 
choice of c we wish; the projection is unchanged. More generally, Sq denotes a Dirac unit mass at a point q 
in the upper half-space 

We prove the two-weight inequality 


( 9 . 2 ) 


(/^)IIl2(r" + 1 




iL^icr) 


for all nonnegative / in (tr), noting that F and / are not related here. Above, P“(-) denotes the a- 
fractional Poisson extension to the upper half-space 


V(a;,t) = [ 

JR’- 


+ \x-yf^ 


—dv {y ), 


so that in particular 


‘(/^)ll 


LH 


b7r)=E E P“(/it)(c(J),£(J))" 

JGAIs-deep(E) 


F,J 


IJP 




P“ {fc 


instead, and we will do this shifting 


and so (19.21) proves the first line in Proposition [1] upon inspecting (18.21) . Note also that we can equivalently 
write ||P“ (/o')||j;^ 2 (R"+i = P“ (fcr) where P“u(x,t) = j]P°‘v{x,t) is the renormalized Poisson 

operator. Here we have simply shifted the factor in JI to 
often throughout the proof when it is convenient to do so. 

The characterization of the two-weight inequality for fractional and Poisson integrals in |Saw] was stated 
in terms of the collection of cubes in R” with sides parallel to the coordinate axes. It is a routine matter 
to pullback the Poisson inequality under a globally biLipschitz map D : R" —>■ R", then apply the theorem 
in [Saw] (as a black box), and then to pushforward the conclusions of the theorems so as to extend these 
characterizations of fractional and Poisson integral inequalities to the setting of quasicubes Q G DP" and 
quasitents Q x [0,^((5)] C R"’*’^ with Q G DP". Using this extended theorem for the two-weight Poisson 
inequality, we see that inequality (19.21) requires checking these two inequalities for dyadic quasicubes / G DP 
and quasiboxes I = I x [0,£ (/)) in the upper half-spaceR"'*'^: 

(9.3) = l|P“(l/^)lli2(,-) < ((^r®)'+ ^2 +-4^’* + ^2^U), 

(9.4) j [Q°‘{tljJI)]'^da{x) < + A 2 + AF + A" J^dpix, t), 

for all dyadic quasicubes I G DP, and where the dual Poisson operator Q“ is given by 


‘(il/M) {x) = 




{F -k lx - i/p)' 


-dy.{y,t) . 
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It is important to note that we can choose for VLT) any hxed dyadic quasigrid, the compensating point 
being that the integrations on the left sides of (19.3|) and (19.41) are taken over the entire spaces and K" 
respectively. 

Remark 11. There is a gap in the proof of the Poisson inequality at the top of page 542 in [Saw] . However, 
this gap can be fixed as in |SaWh| or [LaSaUrT] . 

9.1. Poisson testing. We now turn to proving the Poisson testing conditions (19.31) and (19.41) . The same 
testing conditions have been considered in [SaShUrS] but in the setting of no common point masses, and 
the proofs there carry over to the situation here, but careful attention must now be paid to the possibility 
of common point masses. In |Hyt2| Hytonen circumvented this difficulty by introducing a Poisson operator 
‘with holes’, which was then analyzed using shifted dyadic grids, but part of his argument was heavily 
dependent on the dimension being n = 1, and the extension of this argument to higher dimensions is feasible 
(see earlier versions of this paper on the arXiv), but technically very involved. We circumvent the difficulty 
of permitting common point masses here instead by using the energy Muckenhoupt constants ^nd 

energy^ which require control by the punctured Muckenhoupt constants and 

following elementary Poisson inequalities (see e.g. |Vol ) ) will be used extensively. 


Lemma 14. Suppose that J, K, I are quasicubes in R”, and that p, is a positive measure supported in K” \ I. 
If J CK C2K Cl, then 


< P" {K,p) ^ 

\J\^ ^ \K\^ ^ \J\^ 


while if 2J C K C I, then 


\K\^ ^ |J|i 


Proof. We have 

p“(J,m) _ 
1^1" 

where J C K C 2K C / implies that 

|J|" + Is- 

and where 2J C K C I implies that 

I J|" + |a; — 



|JP 




+ \x- Cj 


I) 


n+1 


(x), 


Cj\ Ki\K\’- +\x- ck \, 

xgW^\I, 

c.j\ < |A|" -f |a; - ck \, 

a; G K” \ /. 


□ 


Now we record the bounded overlap of the projections Pf? j- 

Lemma 15. Suppose Pf’ j is as above and fix any Iq G PIT), so that /q, F and J all lie in a common 
quasigrid. If J G Af (r,e)-deep (F) for some F G F with F ^ Iq D J and Pf-j 0, then 

F = for some 0 < i < t. 

As a consequence we have the bounded overlap, 

ff {F G F : J C Iq ^ F for some J G M(r,e)-deep {F) with Pp j 0} < t. 


Proof. Indeed, if J' G for some i > r, then either J' (1 n 

Tryio 

J C Iq C tt^^Iq, we cannot have J' contained in J, and this shows that P 


(0) 

c 


lo 


Ff'’io,J 


= 0 or J' D TT^ 

= 0 . 


lo. 


Since 

□ 


Finally we record the only places in the proof where the refined quasienergy conditions are used. This 
lemma will be used in bounding both of the local Poisson testing conditions. Recall that AITD consists of 
all alternate HD-dyadic quasicubes where K is alternate dyadic if it is a union of 2" DD-dyadic quasicubes 
K' with £ (A') = i£(A). 
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Remark 12. The following lemma is another of the key results on the way to the proof of our theorem, and 
is an analogue of the corresponding lemma from |SaShUr5] . but with the right hand side involving only the 
plugged energy constants and the energy Muckenhoupt constants. 

Lemma 16. Let LlT>,T CLID be quasigrids and {P'p j} fg:f be as above with J,F in the dyadic 

(r,e) — deep (-^) 

quasigrid LIT). For any alternate quasicube I G ALlF define 


P“ (J, 1/a) 


\J\-’ 


V 


(9.5) B{I)= Y. E 

FeF: F^I’ for some Z'GCC/) JeA^Cr.ej-deepC^"): JCl 

Then 

(9.6) B{I)<t + A“'™) |/U . 

Proof. We first prove the bound (19.611 for B (/) ignoring for the moment the possible case when J = / in the 
sum defining B (/). So suppose that / G ALlV is an alternate HD-dyadic quasicube. Define 

A* (/) = {J C / ; j g Al(r,£)-deep (F) for some F ^ I', I' G € (!) with Pfr j ^ 0} , 
and pigeonhole this collection as A* (/) = [J A (/'), where for each /' G £ (/) we define 

/'G£(/) 

A {!') = {J C : J G Al(r,e)-deep {F) for some F ^ I' with Pp j 0} . 

By Lemma [15] we may further pigeonhole (possibly with some duplication) the quasicubes J in A (/') as 
follows: 

T 

A (/') C IJ A, (/') ; A, (/') = { J C : J G M(r,e)-deep (fU') with J ^ o} , 
e=o ^ 

since every F ^ I' is of the form n^F for some £> 0. Altogether then, we have pigeonholed A* (/) as 

T 

A*(/)= IJ UA,(D). 

i'e£{i) (=0 

Now fix T G £ (1) and 0 < £ < t, and for each J in Ai{T), note that either J must contain some 
K G Al(r,e)-deep {!') or J C K for some K G Al(r,e)-deep {F) (or both if equality); define 

Af(/') = a“® (/') u Ar"‘Ui'); 

Admail (^/) = {J G A^/') :-/Cif for some i£G7W(r,£)_deep (/')}, 
and we make the corresponding decomposition of B (!) (again with possible duplication); 

B (!) = (/) + ^small . 


^big / small ^ ^ EE E 

/'GC(/) 


P" {J, i/g) 

. 1^1" . 


Y 


2 

L^uf) 


Turning first to (/), we define cr {£) by (/') = (/'), so that (/') C M^r^^^)_deep (^)> 

and we obtain 


A<y(e)) 


t(/) 


(9.7) 


E E E 

/'GC(/) ^=0 


P“ (J, 1/a) 


|JP 


pgood,id^ 




P“ (7i/g) 

. \J\- . 


pgood.a;^ 




^ E E E 

< 2"t |/| 

This is the only point in the proof of Theorem [1] that a refined quasienergy constant is used. 
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Turning now to the more delicate term 5*^*8 (J), we write for J G (/'), 


^good,uj 

J 


2 

L^u^) 


J'GJ: J' good 


2 

L2(u 


< E 

j'eMr(r)-. J'cJ 


+ E 

RGA1(r,j)_deep(-f'): KGJ 


pgood.w 


L^iuj) 


where for any I, we define A/’r (/) = {J' C I : £ (J') > 2 (/)} to be the set of r-near quasicubes in I. Then 

we estimate 


(!) = E E E 


< 


E E E 

/'GCl/) e=o jeAf«{i>) 

Zt E 

/'6(!;(7)^=0 V 

+ E E E 

(/) + (J) . 


P%A1^Y 

. ki" y 

. ki" y 

. ki" y 

y P“ (J, l/a) 

* 1 

IJI^ 


P“ Y 


pgood,id^ 


2 

2 

L2(d;) 


J'^llL2(a;) 


E II* 

J'&Mril')- J'CJ 

' AGA4(,,e)-deep(/'): ACJ 


psubgood,^^ 

V K X 




Now using that the quasicubes J in each A^'® (/') that arise in the term (/) are both r-nearby in /' and 
pairwise disjoint, and that there are altogether only C'2"'' quasicubes in (/'), we have 


(9.8) 


sb*®(/) = E E E 

/'GC(/) t=0 JGA^«(/')nN.(/') 


P" (J, Ijg) 


E ii^j'^i 

J'GA/'rf/'): J'CJ 


2 


< 


EE E 

J'GCi/) t=0 JeA^«(7')nA/'r(/') 




|Jp 


< r2"'' sup sup 


P“ (J, 17C) 


|P‘^X 


J'GCl/) JG7V.(/') \ |J|- 


J^llL2((x 


< r2" 


( Id. \ 


ldy-"y 





< T2”‘-A“'®"®''®y \I\^ 


At this point we can estimate the missing case J = J in the same way, namely 


E 

FGJ^: l€M(r,e)-deep(F) 


P“ (d Ua) 

, Id" . 


L^(u) 
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Since ^ ~ ^ K C J, and since the quasicubes J € A^‘® (/') are pairwise disjoint, we 


have 


= E E E E 

Z'GCC/) e=0 J6AbiS(/q iCG7Vf(,.e)-deep(/'): KCJ 


< 


< 


E E E E 

I'eeil) 1=0 JeA“«(/') ^eVVf(r.e)-deep(/'): KCJ 


EE E 

/'Ga:(/) e=0 KCj^^r,e)-deep{I') 


P" {K, ha) 

, 1^1" , 


P" {J, IKJ) \ 

. \J\- ) 

. \k\b , 


^subgood,^; 
K ^ 


psubgoodjo; 


jsubgood,^; 


K 


L^uj) 


L^u>) 


L2(^) 


where the final line follows from the plugged deep energy condition with the trivial outer decomposition 
/ = (J This completes the proof of Lemma [T51 □ 

i'e€{i) 


9.2. The for-ward Poisson testing inequality. Fix I € flV. We split the integration on the left side of 
(19.311 into a local and global piece: 

[ P“ (haf = / P“ ihaf djl+ [ P“ ihaf djl = Local (/) + Global (/), 

./ b "+^ Ji Jr’I+^xT 

where more explicitly, 

(9.9) Local (/) = ^[P“ (l/cr) (x,<)]^ dp (a:,<); 

i-e- M = ^ 2 E E \\^hcjAJ))- 

FCF JCM(r,e)-dP<,p(F) 

Here is a brief schematic diagram of the decompositions, with bounds in q, used in this subsection: 


and 


Local (/) 

i 

LocaF'^'s (/) 

i 

i 

A 


Local 


hole 


{!) 


(^deep)2 


+ 


B 


^^deep plug^ 


(gplug)^ 


^a,energy 


Global (/) 

i 

A + 

B 

+ 

c 

+ 

D 


Aa 

^2 


A 2 + 


Ar 


A 2 ’* + ^2 



An important consequence of the fact that I and J lie in the same quasigrid VlV — ri'D ‘^, is that 
(9.10) (c (J), ^ (J)) £ / if and only if J C /. 


We thus have 
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Local (I) = (^> 


|Jh 


-FGJ^-JG Air-deep(-F): Jc/ 

^ X X p“(^,WI|Pf,j^IIX-) 

-FGAJGAfr-deep(-F): Jc/ Kr 

< LocalP'"s (J) + Local‘'°'® (/), 
where the ‘plugged’ local sum LocaP'”® (J) is given by 

f P“ {J, Irnicr) 


L^u,) 


LocalP'"®(/)^ ^ ^ 

FGA JGA(r-deep(F): JtZl 


IJP 


Y 


X + X X 

F^F: FCI FeJ^-. F^I} JGAIr-deep(J’): JCl 

= A + B. 


. \J\- J 




Then a trivial application of the deep quasienergy condition (where ‘trivial’ means that the outer decompo¬ 
sition is just a single quasicube) gives 

( P“(J,lFa)' " 


^ ^ X X 

FGA: FC/ JGAIr-deep(F) 


IJP 


P“ Y 

rF,jx|li2(^) 


since llP'b jx\\ , < 
II r,J llL2(aj) — 


< 


pgood.p; 


X \ii , 

I 

where we recall that the quasienergy constant f )(®®p p^“® is defined in 


FGF: fc/ 
2 




dSSl). We also used here that the stopping quasicubes J" satisfy a cr-Carleson measure estimate, 

FGF: FCFq 

Lemma [16] applies to the remaining term B to obtain the bound 

, 2 


B < 


((£:r®)X^2’™) 1^1. • 


It remains then to show the inequality with ‘holes’, where the support of a is restricted to the complement 
of the quasicube F. Thus for J G Af (r_£)_deep {F) we may use / \ _F in the argument of the Poisson integral. 
We consider 

2 


Local''°'^(/)= ^ ^ 

FGFJGAf(r,e)-deep(F): JC/ 


I/vfO") ^ 


P% 7X 


Lemma 17. We have 
( 9 . 11 ) 

Proof. Fix 7 G VlT) and define 


Local‘'°'® ( 7 ) < (£:)J“P)" | 7 |^ . 


A/ = {T’ G A : F C 7 } U { 7 } , 

and denote by ttF, for this proof only, the parent of F in the tree Fj. We estimate 

2 


X X 

FGFj JGAf(r.e)-deep(F): Jdl 


(J, lj\Fg) ) 

|J|^ ) IFFJ-Wlh.) 


Pp 7X 
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by 


^ = E E E 

JGA1(r.e)-deep(-P’): FCF'^I 

= E E E 

F'eFiFeF: FCF' JeM^r,s)-deepiF)- JCl 


P“ {j, IttF'XF'O") 

ki¬ 
p'^ {J, l7rF'\F'<7) \ 


\J\-’ 


Y 

\^F,jHl2(u 


P“ Y 


< 


E E E E 

F'GF/F:G>f(r,e)-deep(-F’')^6-^: ^CF' JG AI (,.e) _deep (-F): ^C/ 

/ P“ (if, l^pi\pia) \ 


P“ {J^ IttF'VF'O") 

kl" 


E E 

F'GF/XG7K(,,,)_deep(F') 




Ip"^ yH 

\^F,jnKHmu) 


E E I 

FGF: FCF'JGA^(,,e)-deep(F): JC/ 


P*^ yH 


where in the third line we have used that each J' appearing in j occurs in one of the by goodness, 

and where in the fourth line we have used the Poisson inequalities in Lemma [Ml We now invoke 


E E 

FgF: FcF' JGAr(,,,)_deep(F): Jdl 


P“ yH < T 


^ F'K^ 


2 

L2(a;) 


where for K e A^(r,e)-deep (^0. 


— 

^F'.K — 


where Cp/.j = 


AUl 

^J' I 


E 

j’cJnK-. j 

u u 

FGF: FCF'JGAI(,,e)-deep(F): JGl 


-7good,x—shift 


Now denote by d (F, F') = dpj {F, F') the distance from F to F' in the tree Fj, and denote by d (F) = 
dpj {F, I) the distance of F from the root /. Since the collection F satisfies a Carleson condition, namely 
SfgF/ bl I'\„ < C\r\^ for all we have geometric decay in generations: 


(9.12) 


E 


— Sk 


k>0. 


FeFr. d{F)=k 


Indeed, with m > 2C we have 

(9.13) ^ , 

F^Fi: F(ZF' and d{F,F')—m 


since otherwise 


E 


1 




FgFp: FCF' and d(F.F')< 

a contradiction. Now iterate (|9.13l) to obtain (|9.12p . Thus we can write 

2 


s S E E 

F'GF, ifGAd(,,,)_deep(F') 


P“ {K, l,rF'\F'f7) 


\KV 


P“ Y 




= E E E 

fc=l F'GFc d{F')=k iCG7K(,,,)_deep(F') 


P“ {K, 


P"^ Y 

Ff'K^ 


L^(u 


= ^Ak. 


k^l 


2 
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Now we have 


V 


< 


LHu) 


pgood.oj^ 




, and hence by the deep energy condition, 


F'dFr- d(F') = fc AGX(r,e)-deep(F') 


P“ [K, 

\K\- 


^F'K^ 


LHo.) 


< ^ |F"|^ < (fdeep) 2-^^= \Il , 

F"&Fi: d(F")=k-l 

where we have applied the deep energy condition for each F” G Fj with d {F") = k — 1 to obtain 

2 


(9-14) E E 

F'eFr- ^F' = F" K^M(r.e)-d^.p(.F') 
Finally then we obtain 


P“ (if, 1 ^//\p'/(t) 
1^1" 


^ F'K^ 


L2(a;) 


< \F'‘ 


^ < E 2-'" |4L < 14 


k=l 


which is (19.111) . □ 

Altogether we have now proved the estimate Local (/) < \I\^ when I G fiV, i.e. 

for every dyadic quasicube L G flV, 

(9.15) 

Local (L) ^ ^ 

FeF JeM^r.e)-dPep{F)- JCL \ fol" 

< ((fr®)" + ^r"“®'') 14^1.1 LGnv. 



9.2.1. The alternate local estimate. For future use, we prove a strengthening of the local estimate Local (L) 
to alternate quasicubes M G AflV. 


Lemma 18. With notation as above and M G ATTD an alternate quasicube, we have 
(9.16) 

Local (M) = E E /" P" (JilMa) 

FeF JeM^r,e)-deppiF)- JCM V \J\^ 

< T ((.S:p'“®)^ + \M\^ , M G Anv. 



Proof. We prove ( 19 . 161 ) by repeating the above proof of ( 19 . 151 ) and noting the points requiring change. First 
we decompose 

Local (M) < LocaF'^s + Local‘'°'® {M) + Local°®"®* (M) 
where LocaF^“® (M) and Local^°^® (M) are analogous to LocaF^“® (/) and Local^°^® (/) above, and where 
LocaF®**®* (M) is an additional term arising because M \ F need not be empty when M Pi F ^ % and F is 
not contained in M: 


LocaF'^s (M) 
Local^°'® (M) 
LocaF®®®* (M) 


E E 

FeF J(^M(r,s)-deep{Fy. JdM 


P“ (-/, Imhect)^ II ||2 

r F rX 


E E 

FGF: FCM JGA1(c,c)-deop(F): JCM 

E E 

FGF: F(Z:M JGA1(c,c)-deep(^’): ^CM 


kl" / " 

/ P“ (J, 1m\f^) 

[ \jii 

/ P“ (J, 1m\f^) \ 


FJ^\\l^(ui) ’ 
2 


P*^ Y 

rF,.7X|lL2(^) J 


IJP 


I \vFpM\lHu>) ■ 
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We have 


LocaF'“S(M)= E + E E 

[egJE: FC some M'GCs 2 i,(M) FgJ^: FO some M'GCnc(M) J JeA1(r,e)-deep(F): JCM 
/P“(J,lFnMfT)\ II ^ _j|2 

I Ui* J " "‘-M 

= A + B. 

Term A satisfies 

II 112 2 

just as above using Itf j2^|lF2(tj) — II^J^IIl2(^)j and the fact that the stopping quasicubes J' satisfy a 
(T-Carleson measure estimate, 

E 1^1. 

FgJ^: FcM 

Term B is handled directly by Lemma [TB] with the alternate quasicube J = M to obtain 

2 4 0 :,energy 


^o.energy |^|^ 


B < ((£P‘"®) 

To extend Lemma 1171 to alternate quasicubes M G A^V, we define 

J-M = {F G J-: C M} U {M} , 

and follow along the proof there with only trivial changes. The analogue of (19.141) is now 


E E 

F'GFm: 7rF'=F" _R-GA^(r,e)-deep(F') 


\K\- 


^ F'K^ 


LHuj) 


< \F"\^ , 


the only change being that J-m now appears in place of F/, so that the deep energy condition still applies. 
We conclude that 


LocaC°^® (M) < \M\^ . 


Finally, the additional term Local°®’*®* (M) is handled directly by Lemma HH and this completes the 


proof of the estimate (|9.16p in Lemma IT51 


□ 


9.2.2. The global estimate. Now we turn to proving the following estimate for the global part of the first 
testing condition (lOl) : 


Global (/) = 


[ P“ {haf dp < {AF + A"’^^ + AF""F \I\^ ■ 
Jr"+L/ 


We begin by decomposing the integral on the right into four pieces. As a particular consequence of Lemma 
[m we note that given J, there are at most a fixed number r of F G F such that J G A4r-deep (F). We 
have: 




J: (cj,«(J))GR"+A-f 


fgf 

JGAd(r,e)-deep(F) 


F,J -T 

\J\^ 




E + E + E +E 

G3/=0 JC3j 
J)<l(I) 

A + B + C + D. 


jn3/=0 J(i3i\i Jni=<D jD/ 

t{j)<i{i) e(j}>e(i) ^ 


.P“(lH(cd,f(J)f E 


FGF: 

(r,e) — deep (-^) 


FJ '—T 

IJI" 
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We further decompose term A according to the length of J and its distance from /, and then use Lemma 
with Iq = J to obtain: 


A < 


< 


< 


oo oo / 

EE E 


2-m |jp 


m=0k=l Jc3'=+^/\3'=/ 
^(J)=2—1(/) 


m—0 k—1 


y quasidist (J, 
|/|^|/| j3'=+i/\3'=/|„ 




|3'=/| 




I^L 


E2-2-E3 

m—0 k—1 


-2k 


\ 3'=+i/\3'=/ 

UJ 

3^=/ 

LI 

1 |3'=/|^(^' 

“ n 

) 

J 


- I^U<^2 


where the offset Muckenhoupt constant A 2 applies because 3^+^/ has only three times the side length of 
3'=/. 

For term B we first dispose of the nearby sum Bnearby that consists of the sum over those J which satisfy 
in addition 2~’^£ (I) < I (J) < £ (/). But it is a straightforward task to bound Bnearby by |/|^ as 

there are at most such quasicubes J. In order to bound B — -Bnearby, let 

J*= \J U [k& ^good.x-shift . ^ ^ jJ ^ 

'^GAd(r,e)_deep(F) 

JC3I\I and t(J)<2—'^(7) 

which is the union of all quasicubes K for which the projection A‘^ occurs in one of the projections j 
with £ (J) < 2~^£ (!) in term B. We further decompose term B according to the length of J and use the 
fractional Poisson inequality (17.131) in Lemma [T51 on the neighbour I' of I containing iL, 


P"(A',W<('^ 


2 — 2{n-\-l — oc)£ 


P“(J,l7CT)% K € J*,K C3I\I, 


where we have used that P“ (/', Ijcr) ~ P“ (/, l/cr) and that the quasicubes K G J* are good and have side 
length at most 2~’^£ (J). We then obtain from Lemma [14] and Lemma [TSl with Iq = J, 


B-B, 


nearby 


E 

JC3I\I 


P“ (■/, Ijg) 

. \J\- , 


E 

FeF: JGAd{r,e)-deep(F) 




< 


< 


< 


< 




K€J* 


\K\-^ 


L^u;) 
-m\2-2(n+l-a)e 


p E E A"‘) 

m=r KC3I\I 

£{K)=2-”^£{I) 

^ ^ ^2-m^2-2(n+l-a)e / |/| 


,1^1 


1-^ 




E l^‘L 

KC3I\I 

t(A)=2-'"7(/) 


E It, < -a ;\II . 


|3/| 




m—Y 
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For term C we will have to group the quasicubes J into blocks Bi, and then exploit Lemma [121 We first 
split the sum according to whether or not I intersects the triple of J: 


C 



E 


J: /n3J=0 J: IC3J\J 


I 


|JP 


^ (^1 J| " + quasidist (J, 


n+1 —a 


-1^1. 


E 


FeJE: 

JG (r,e)-deep (-P) 


F.J 


\J\-’ 




We first consider Ci. Let M be the maximal dyadic quasicubes in {Q : 3Q fl / = 0}, and then let {Bi}^^ 
be an enumeration of those Q G A4 whose side length is at least i (I). Now we further decompose the sum 
in Cl by grouping the quasicubes J into the Whitney quasicubes Bi, and then using Lemma[T5]with Iq = J: 


( 


^ E E 

i=l J: JCBi\I 


(^|J|" + quasidist (J, 7)^ 


— 14 


n+1 —O' I l<7 


E 


J ^A^(r,e)-deep(-^) 


l4j^llL2(d;) 


/ 


< 


< 


< 


< 


E , _ 

i=i y "+quasidist (i3i, 7 
1 


n+1 —cn 


-wJ E E 




E , . 

i=i W+il" + quasidist (i?i, 7 
1 


n+1 —cn 


— \il 


J: JCBi\I FeB: 

(r ,e) — deep (-^) 


J: JCBi\I 




/ 


E 

2=1 


V 

OC 

E 


i3+ + quasidist {Bi, I 


— \Il 


n+1 —cn I ItT 




=1 B, 




and since BiH I 


E 


+A + 4 


I^L 




l/l 


2=1 

oo 


IB,; 




+*\4 


|/| 


l--i 


|7|^ " v/_Bi\7 quasidist (a;, 

no „ f 


duj (x) 


1^1 




'B,\I 


|7P 


V 


|7| " + quasidist (x, 7) 


n 2 


duj (x) 


< 


|/| 


(I, l/=w) 


we obtain 


ci<TAruL ■ 


Next we turn to estimating term C 2 where the triple of J contains 7 but J itself does not. Note that there 
are at most 2^" — 2" such quasicubes J of a given side length, at most 2" — 1 in each ‘generalized octant’ 
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relative to I. So with this in mind we sum over the quasicubes J according to their lengths to obtain 

f L V 

——1 E 


= E E 

^3. 
:2^ 

|/| 


m=l J- IC3J\J 
eiJ)=2^i{I) 


/I \ n+l — a I 1(7 

\ (I J|" + dist (J,/) J / F€J^: 


< 


< 


I T 1(5 • 2-^1) \ /L = T j £ |/| -\{5-2"^I) \Il 

-VI2-/p-V 


E 


| 2 ™/| 


Ki-f) 


I^L 




since in analogy with the corresponding estimate above, 




1 IV''" = / E 1(5-2^w(^) dujix)<V-{I,li^uj). 


1-i 


|2mj|2 


.= 1 |2™/| 


Finally, we turn to term D. The quasicubes J occurring here are included in the set of ancestors Ak 


ttq^/ of /, 1 < fc < 00 . 


D = 


fe=i 


OO r 

^P“(1z(t) (c{Ak),\Ak\-y 

k^l 

OO r 

^P“(lza) (^c{A,),\A,\^y 

OO 

^P“(l,a) (c{Au)AAu\- 

k^l 

OO 

^P“(lra) ic{Au)AAu\- 


E 

F^F: 

1.7,e)-, 

E 


FeF: 

.Afc (r,e) —deep(-^) 


F,Afc I . I 1 


Afcl 

E 




. J'CA.U 

AfceA1(r,e)_deep(^^) ^ 

' E E 

. J'C/ 

AfeGA1(r,e)_deep(.F) ^ 


A-j, 


AA- 




fc=l 


E 


E 


, /Cj'cAfc 

Afe (r ,e) — deep (-^) 


\Ak\'' 


AA- 






A?: 


LHu^) 


— .^disjoint ~t" .^descendent T .^ancestor ■ 


We thus have from Lemma [T51 again. 


D, 


disjoint 


OO 

^P“(l,a) (c{Ak),\Ak\- 


fc=l 


E 

FeF: 

Afc G Ad (r,e) — deep (.^) 
1 X 2 


< 


< 


E 

• — shift 

\I\a 




A 


J’ 


LHA 


OO I j-i i_ 


i/r 






|/| 


|/| 
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Since 




k—1 \^k\ 
oo 


/ —7 -^-4 {x)dijj{x) 

— O' 

dio (x) = V°‘ (/, l/ow). 


< 


fc“12" 

/ 


i/r 

i/i- 


1^1" + quasidist (cc,/) 


The next term Ddescendent satisfies 


Dd, 


escendent 


< 


oo 

— 2k{n—a-\-l) 


pgood,aj ^ 




/C=l 



pgood.tj X 


^ |/|^ 


LHuj) 


\I\c 


5 , T ' 


pgood.i/j X 


L2(a;) 


|/| 


2(l-f) 




Finally for -Dancestor we note that each J' is of the form J' = = tt^^J for some £ > 1, and that there 

Now 


are at most Ct pairs {F,Ak) with k > £ such that Ak G A^(r,e)- deep {F) and F = A, G Cf°' 


d.T—shift 


we write 

OO r 

-^ancestor — E P“(l/a) (c(Afc),|Alfe|")' 


k 


< 


■i: e 


oo 




, l^fc 


i: 

FeT: 

-Afc e (r,e) — deep (-^) 

2 


E 


J'ec‘ 


good.^-ahift, /Cj/cAfe 


A‘^,- 






A 




A?: 



l-)good,a; ^ 

vidifcr+"^; 

lAfcl^ 






At this point we need a ‘prepare to puncture’ argument, as we will want to derive geometric decay from 
IIPj,x||^ 2 (^) by dominating it by the ‘nonenergy’ term |J'|" |J'n/|^, as well as using the Muckenhoupt 
energy constant. For this we define ui = ui — uj ({p}) 5p where p is an atomic point in / for which 

w(M)= sup uj{{q})- 

96T(<t,u.): 96J 

(If UJ has no atomic point in common with cr in / set ui = uj.) Then we have |/|2 = uj {l,^(a,ui)) and 

_ l^ler _ hicr ^ aa,punct 

|/|(l-f) |/|(1-^) “ |/|(l-f) |/|(1-^) - ^ 

A key observation, already noted in the proof of Lemma |3] above, is that 




2 _/ I|A‘?(-(x-p)||^ 2(^) if pG 


K 


||A-x||i2(2) ' ' if piK 1^1-’ 


(9.17) 


for all K G flV 
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and so, as in the proof of Lemma [31 


pgO' 

^Ak 


odd 


\Ak 


<3\Ak 


Then we continue with 




fe=l 


pgO' 

^Ak 




odd 






< 


IAI. 




= -E 




\Ak \ + tE 


I^L 




2fc(n-Q) |J| 


1--^ 


\I\-u 


fc=i V l^fel 

< T(dir 

where the inequality J2T=i ^ a-a ) \Ak \ d| < dl^’* |dL is already proved above in the estimate for 

\ l^fel / 


D. 


disjoint* 


9.3. The backward Poisson testing inequality. Fix I G QJ). It suffices to prove 
(9.18) Back [Q“ {tlfp) {jj)Y da{y) < jdl^ + ^^a.punctj 

Note that in dimension n = 1, Hytonen obtained in |Hyt2| the simpler bound Tf for the term analogous to 
(I9.18F Here is a brief schematic diagram of the decompositions, with bounds in q, used in this subsection: 



Using (19.101) we see that the integral on the right hand side of (I9.18P is 


(9-19) [j'^^=Yl E l|PF,jx||i2(^) . 

FeF JGA4(,,e)_deep(F): JCl 


where j was defined earlier. 

We now compute using (19.101) again that 

(9.20) Q‘^{tlfp){y) = 


(t2 + |a;_y|2^ 


(x, t) 


E E 


|p^ -x- 

rF.jx||^2(^) 


_ / j_ \ n+l — a ’ 

FGF JGA4(r,e)-deep(F) (iJl” IV ~ Cj\\ 

JCI ^ ^ 
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and then expand the square and integrate to obtain that the term Back (/) is 


E E 

F'eF: 

JeA1(r e)-deep(i") J'SM(,,e)-deep (i"') 

J'CI 


^ ^ no; ^ 

/I \n+l-Q / 1 \ 

[\J\^ + \y-cj\) [\Jr + \y-cr\) 


rr^da (y). 


By symmetry we may assume that f-{J') < We fix a nonnegative integer s, and consider those 

quasicubes J and J' with i {,]') = 2“®^ (J). For fixed s we will control the expression 

- E E 

F,F’eF JGAr(,,e)_deep(-F), J'eM(r,e) — deep ) 


puj ^ 

^F,J^ i2(^) 


/I \ n+l-a , 1 \ 

(kr+ l 2 /-cj|) + \y-c.r\) 


puj ^ 

^F',J'^ L2(^) 

- , n+l-a (y) > 


by proving that 


(9.21) [/, < 2-^® |yl“ + ^d“’Punc‘| where <5 = 

With this accomplished, we can sum in s > 0 to control the term Back . We now decompose Us = 

^proximal ^difference jffntersection 

Our hrst decomposition is to write 

(9 22) U _ ^proximal _|_ ^remote 

where in the ‘proximal’ term yp^oximai restrict the summation over pairs of quasicubes J, J' to those 
satisfying qdist {cj,cj') < 2®'^^ (J); while in the ‘remote’ term we restrict the summation over pairs 

of quasicubes J, J' to those satisfying the opposite inequality qdist (cj, cj/) > 2®'^£(J). Then we further 
decompose 

y^remote _ ^^difference _|_ ^^intersection 


where in the ‘difference’ term T, 


’ +/:»T'-rvi T^difference 


we restict integration in y to the difference K." \ B {J, J') of R" and 


B (J, J') = B [ cj, - qdist (cj,cj') 


the quasiball centered at cj with radius ^ qdist (cj, cj>); while in the ‘intersection’ term ymtersection restict 
integration in y to the intersection R" fl B (J, J') of R" with the quasiball B (J, J'); i.e. 


^intersection 


- E E 

F,F'eF JGAr+,,)-deep(i‘’), — deep ) 

qdist(cj,cj/)>2'’<i+^b(j') 


-t.(„)-'!■ 

/I \ n+1—a /I \ n+1 —a ' 

^\j\- + \y_cj\j {\J'\~ + \y-cj'\j 


pa; 


Here is a schematic reminder of the these decompositions with the distinguishing points of the definitions 
boxed: 
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Us 

i 

^proximal 


+ 


VI' 


qdist (cj,cj/) < (J) 


qdist (cj,cj/) > 2®'^£(J) 




’^’difference 


T. 


'intersection 






L 


B(J,J') 


We will exploit the restriction of integration to B (J, J'), together with the condition 

qdist (cj, cjO > {J') = 2^H (J), 

in establishing (??) below, which will then give an estimate for the term yjntersection argument dual 

to that used for the other terms XTroximai j-difference^ which we now turn. 


9.3.1. The proximal and difference terms. We have 


^proximal _ E E 

F.F'eJ^ JeA4(,,e)_deep(R’). J'&M (r,e) —deep ) 

J.J'GI, l[j')=2-‘t{j) and qdist(cd,c_,,)<2“'’^(J) 

M m2 M m2 

/> -V -x- 


A- (| J|i + |„ - cjI)”*’"” (I J'|i + I# - Cj,l) 

^ yy^proximal E E iiPE.d^ii^ = MP— 

Pc T ... t IP\ I 


where 


EeJ"Ad(,,,)_de,p(f’) 
Jci 


Mfoximal = gup SUp ^Proximal . 

FeF J^M(r,e)-deepiF) 


dPr°xi“al (J) ^ 




E 

J'eM(,,e)-deep{F') 

J'C/, ^(J')=2-“^(J) and qdist(cj,Cd,)<2“'’«(J) 

M m2 

P^ -x- 

1 \Uf'.j'^\\l2^^) 


s[j',j) iy) da (y); 


/I \ ?^+l —Ck /I \ 

[\J\^ + \y-cj\) + \y-c.r\) 


n+1 —Ck ’ 


and similarly 


t; 


difference 


- E E 

F.F'dF JGAd(,,e)-deep(f’). (r,e) —deep ) 

JJ'CI, e{j')=2-‘e{j) and qdist(cj,Cj/)>2“'’«(J) 

M m2 M m2 

/> P^ -V P^ -X- 

f \UFJ^\\l^{uj) \U f'l^uj) 


^|J|„ ^|j/|n _p |y _ Cj,|^ 


n+1 —Ck 


—da (y) 


<M, 


difference E E I 

Fe.F Ad(r,e)-deep(^’) 
Jdl 


P uj „||2 _ /Indifference 

f,jZ|L — 


ffdp; 
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where 


^^difference 


difference 


sup sup 

JGA1(r,e)-di 


A difference 


AF) 


iJ)-, 


E 

F'&r 


J'CL 


(y) da (y). 


J eA^(r,e) — deep ( 7 ^ ) 

and qdist(c j ,c j/)>2'^ 




•i{J) 


The restriction of integration in ^difference |.p \ 5 j') be used to establish (j9.24l) below. 

Notation 3. Since the quasicubes F,J,F\J' that arise in all of the sums here satisfy (recall \9.10\) ) 
JG7W(r,e)-deep(i^), J' G 7W(r,e)-deep and i {J') = 2-^ {J) and J, j' C I, 


we will often employ the notation ^ to remind the reader that, as applicable, these four conditions are in 
force even when they are not explictly mentioned. 

Now fix J as in respectively and decompose the sum over J' in ^proximal ^respec¬ 
tively (J) by 


^proximal (J) = ^ 


E 

J'eM(r,e)-d^ep(F') 

J'CI, e{j')=2-‘^e{j) and qdist(cj.Cj/)<2'’^^(J) 


S[j',j) {y)da{y) 


= E E 

F'^F Cj/G2J 

qdist(cj,c 

oo 

= ^proximal,£ ^ ^ 


Yfj) (y) (2/) + E E E 

F'GFi^l cj/e2^+V\2^J 

qdist(cj,c j/)<2®‘^^(J) 


Sfj'j) (y) da (y) 


JR”- 


e=o 

respectively 


A' 


difference 


(J)=E E 

TeA1(,,,)_deep(j’') 

j'dl, £(J) and qdist(cj,Cji')>2®'^£(J) 


E E 

F'eF Cj,e2J JR”\B(J,J') 

qdist{cj ,Cj/)>2^^ £{J) 


S(FJ) (y) ( 22 ) 


+E E E / 

e=lF'eF Cj,(^2‘+^J\2‘J dR”\B(J,J') 

qdist{cj ,Cj/)'>2^^ i{J) 


Yf,J) ( 2 /) da (y) 


Yj'A) ( 22 ) da (y) 






difference,^ 


(J). 


£=0 


Let m be the smallest integer for which 


(9.23) 


O 
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Now decompose the integrals over / in ^proximal,f 


^proximal,0 _ 


^proximal,^ (</) _ 


E 

i j 

EE) (2^) (y) 

F'&F 

Cj/G2J 

-Vdj 

qd 

ist(cj,cj/ )<2®^£( J) 


+ E 

E 

/ Sfj, j^{y)da{y) 

F>eF 

Cj,^2J 

fAJ 


qdist(cj,Cj/ )<2®^£( J) 


J proximal,0 / t\ i ^proximal, 
'^s,/ar W/ ' -^s^near 

\J), 

E 

E / 

EE) (22) (2/) 

F'£F 

Cj,G2^+V\2^J 

,.\2«+2j 

qd 

ist(cj,Cj,)<2"'’^(J) 


+ E 

* 

E 

/ Sfj,j^{y)da{y) 

F'€F 

Cj/G2^+W\2W 

l2‘ + 2j\2^-mj 


qdist(cj,cj/ )<2®‘^^( J) 


+ E 

* 

E 

f S(j,j){y)da{y) 

F’eF 

Cj/G2^+W\2V 



qdist(cj,cj/ )<2®‘^^( J) 


jproximal,^ f'l j_ /iproximal, 
'^s,far \'^) ' -^s,near 

+ ^>1 


Similarly we decompose the integrals over the difference 

r =R^\B {j, j') 

in ^difference, ^ (J) by 


^difference,0 _ 


E E 

qdist(cj ,Cj/ )>2®^£( J) 
* 

+ E E 

c,/G2J 


iy)d^ (y) 


/•\4J 


iy) dcr{y) 


Jl*n 4 :J 

qdist{cj,Cjf)>2^^l{J) 

J difference, 0 / t\ i ^difference, 0 / t\ 
^sjar ^s,near WE 


^difference,£ _ 


E E 

F'eF Cj,e2^+^J\2^J • 

qdist(cj,Cj/)>2^^£( J) 


EE) iy)do- {y) 


'/.\2<+2J 


+ E 

E 

F'eF 

cj/e2^+E\2V 


qdist(cj,Cj/ )>2'^'^^( J) 

+ E 

* 

E 

F'GJE 

Cj/G2*+V\2*J 


EE) (2^) ^y^ 


I s[j, J) (y) da (y) 

qdist(cj,Cj/ )>2'^^£( J) 

_ 4 difference,^ / r\ , /i difference,£ / j\ , /i difference,^ / j\ \ i 

— ^sjar \^}~^^s,near ^s,close WJi 1^1. 

We now note the important point that the close terms (J) and ('^) both vanish for 

i > 6s because of the decomposition (19.221) : 

(9.24) dlP—(J) = JC—'" (^) = 0, £ > 1 + 5a. 
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Indeed, if cj> S 2^+^ J \ 2^ J, then we have 

(9.25) i2^f(J) < qdist(cj,cjO, 


and if £ > 1 + (5s, then 


qdist (cj, cjO > (J) = (J'). 


It now follows from the definition of and in (j9.22|) . that {J) = 0, and so we are 

left to consider the term {J), where the integration is taken over the set K" \ B (J, J'). But we 

are also restricted in ('^) integrating over the quasicube 2^“™ J, which is contained in B {J, J') 

by (19.251) . Indeed, the smallest ball centered at cj that contains 2^“"* J has radius y/n^2^~‘^i (J), which by 
(19.231) and (19.251) is at most j2^i (J) < ^ qdist (cj, cj/), the radius of B (J, J'). Thus the range of integration 
in the tem (J) is the empty set, and so A^*®®/“®®’^ (J) = 0 as well as ('^) = 0- This 

proves (19.241) . 

From now on we treat j-difference same way since the terms {J) and 

(J) both vanish for £ > 1 + 5s. Thus we will suppress the superscripts proximal and difference in 
the far, near and close decomposition of y 4 P>'oximai,f ^difference,f g^^^ gjg^ gypp 2 . 03 s 

conditions qdist (cj, cj/) < 2 ®^£ (J) and qdist (cj, cj') > 2 ®^£ (J) in the proximal and difference terms since 
they no longer play a role. Using the bounded overlap of the shifted coronas have 




and so we have 


AlfariJ) ^ f S(j,j){y)da{y) 


F'c jf ^2,J 

S. T 


E 


ijr \j'\ 


= t2- 


E 1^' 


2(n+l-a) (y) 


|J|’ 


<Cj/^2J 


(|Jh + |2/-Cj|) 


2(n+l-a) ^^ (y) ^ 


which is dominated by 


x2 -2« |4JL / 

JR 


t2 


-2s 


Mu 


R-W (|J|H| 2 /-c^|) 

/ 

|J|" 


- ^da (y) 

2{n—a) ' 


|4J|^ " Jr’^Xaj 

Ml 


^(|Jh + \y-cj\j 


da (y) 


< (4J, < x 2 - 2 *^“ . 

|4j| 
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To estimate the near term ('^)) initially keep the energy ||P‘p/_j/ 

(9-26) ^ Y. Y. f 

P'C T r' ..CO J 


z 11 ,, , and write 


F'£J^ Cj,£2J ‘ 

yy[- 

F'GJ='cj,G2J'^4J |J| 
1 

- (n+1 —cn) 


- 


E'GJE 


IJP 


— (n+1 —a) /I \ 

* 


n+1 —a 


Cj/£2J 


|2 

Il 2 (c.) 


MJ 


V ^ V llP"^ Xii 


(|J'|" +\y-cj,\j 
2 P“ (J', l/n(4j)t7) 


n+1 —a 


—da {y) 


F'£F 


Cj/^2J 


|j'P 


In order to estimate the final sum above, we must invoke the ‘prepare to puncture’ argument above, as we 

2 ~ 

will want to derive geometric decay from || by dominating it by the ‘nonenergy’ term |J+ 1 '^+; 

as well as using the Muckenhoupt energy constant. Choose an alternate quasicube J S AflV satisfying 
J' C AJ C J and £ < C£ (J). Define uj = oj — oj ({p}) + where p is an atomic point in J for which 


Cjr e2 J 


w({p})= sup _a;({ 9 }). 

96T(<t,u.): q^J 

(If uj has no atomic point in common with cr in J set w = w.) Then we have 


J 




and 



J _ 

UJ 

/ Uj( 

(7 \ 



J 

a 

~ 

J 


~ 

J 

+ + " 


~ 

J 



< kl 2 


Q',punct 


From (19.171) we also have 




F'eF 


for all J' arising in the sum in the final line of (19.261) above. 

Now by Cauchy-Schwarz and the alternate local estimate (j9.16l) in Lemma [T5] with M = J applied to the 
second line below, the last sum in (19.261) is dominated by 


(9.27) 


1 


(n+1 —a) 


1^1 


E E 

xF'&Fc(J')€2J 




/ ^ ^ II ^ + IIL^(a;) \ 


Cj,£2J 


\J'\ 


< 


< 


1 


\J\ 


:^{n+l —a) 




Cj/ ^2J 


2 -^|Jp 


1^1 


■^(n+1 —a) 


/TnT^/(££■"«) +A, 


a,energy 
2 


5 , t 2 




■plug')' 




a,energy 
2 


\ 


J 


J 


l(n-a) 


F(n—a) 


t 2 


’V^ 


■plug')" 


^^a.energy 


a,energy / ja,punct 
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Similarly, for -^ > 1, we can estimate the far term 


^ijar {J) < ( 2 ^) 

E'GJ='c_,,G(2«+i J)\(2*J) 


< 


= t 2 - 


\J'\- w 


E / — 

(2Wj)\( 2V) +|?/-Cj|) 


E 1^' 


2(n+l —a) 


|j|- 


da (y) 


c,,G(2^+V) J (|J|^+|y_c^|) 


2 („+l-o) ^^ ( 2 ^) 


-2so-2£ 




2 V 


Cj,G(2^+i J) y Jk^\2^+^J J'|2V| " + |y - C2.j|) 


2(n+l —ck) 


da (y), 


which is at most 


r2-2s2-2^ |2i!+2j 


r 2 - 2 s 2 - 2 ^ 


|2^+2J| 


^2^+^ (|2 V|H|2/-C2.j) 

/ 


TTT-rdcr (v) 

2(n—cn) 


i2^jy ” iR'‘\2^+2j 


2 V 


dcr(y) 


V' 


f |2^+2J 

< r 2 “^® 2 “^^ ^ ' 


(|2V|^ + |y-C2ol) 

f 12^+2/I 1 

I lr\2^+V^) I < r2-2«2-2^^“ . 


To estimate the near term (J) we must again invoke the ‘prepare to puncture’ argument. Choose 

an alternate quasicube J G A^V such that [J J' C 2^+^J C J and £ < C2^£{J). Define 

Cj,e2‘+^J\2‘J 

uj = oj — oj ({p}) Sp where p is an atomic point in J for which 


Uj{{p})= sup ^{{q}). 

96‘P(<,,,j): g 6 J 


(If UJ has no atomic point in common with ct in J set uj = uj.) Then we have 
as in the argument above following (I9.26|) . we have from (|9.17l) both 


J 


and just 



J 

UJ 

J 

<7 

J 

( 1 -f) 

J 

( 1 -f) 


< and 


E 

F'GJ^' 


F',J' 


|2 


< 


r£{Jr\J\ 


Thus using that m = [log 2 {3^/n)] + 1 in the definition of (J), we see that 
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KneariJ) < E E 


iy)dcr (y) 


fHc,, 62 I?A 20 -^^+^A 2 -™J + |y _ cj,\) 


-X- 


n+l —Q; 


iy) 


< 


^(n+l-a) E E 


is dominated by 


|2^J| 


- (n+l —cn) 


F'GJ^Cj,G2^+^J\2^J 


Ip^ yH 
rF'.j'X||^ 2 („) 


1 


/ 2 ^ + 2 J 


(|J'|" + \y-cj>\^ 


n+l —a 


—da (y), 


1 * 

4 fn+1 —a) E E 

F'eFc^,e 2 ^+iJ\ 2 A 


| 2 ^j|t("+i-“) 


Ini^ ,l|2 P“ l2'^+2jO') 


< 


1 


\2Q\ 


(n+l —cn) 


E E I|Pf',j'^ 

^F'eF Cj/G2«+1 J\2V 


|2 


E E I|Pf',J'^ 

^F'GF Cj,G2«+iJ\2^J 


|2 / P“ (J', 12^+2jct) 


lL 2 (^) 


k' 


This can now be estimated using X^f'gf II ^F',j'^||i 2 (^) ^ = '’"2 l"^!" 1=^+ along with the 

alternate local estimate (|9.16|) in Lemma [18] with M = J applied to the final line above to get 


(+ < x 2 -'* 2 - 


2 V 


|2V| 


i(n+l-a) 


J 




.energy 


J 


< x 2-®2 


— So — i 




energy 


\ 



J 


J 




UJ 


a 


J 


1 --^ 


J 


i-i 


< x 2-®2 


— So — ^ 




^a,energy /^a.punct 


These estimates are summable in both s and i. 

Now we turn to the terms + (J), and recall from (19.241) that + (J) = 0 if .^ > 1 + 5s. So we 

now suppose that i < 6s. We have, with m as in (I9.23|) . 


lEo.e(+<E E 

F'eF Cj,G2^+iJ\2*J‘ 


S[j',j) (y) da (y) 


2 ^-™J 

1 


E E / - 

F'eFcj,G2^+iJ\20'^2'”'"'^ (l-^l " + |y - Cj|) 


|p<^ xlr 


"+^““ \0i riF('"+i-«) 


da{y) 


E E I|Pf'.j'X 

^F'eFcj,G2^+iJ\20 


|2 


1 


| 2 ^J| 


■i(n+l —a) 


h^-^j 


(|Jh + \y-cj\j 


n+l—Q 


^da (y). 
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2 ^ 

Now we use the inequality S^t the relatively crude estimate 


close (J) 

< r2-2« |J|» |2^+2 j\2^-1j| 


1 






(|Jh + \y-cj\^ 


n+1 —Q; 


(y) 


| 2 ^+ 2 j|i-ii | 2 ^-’"J| 


, 2 |2^+2J\2^-1J 2^-’"J , |2^+2J\2^-ij| |2^-™J 

< t2 -2 ®|JFJ-^-tt-2_<t-2 -2 sI ' 

|2^J| |J|n(”+l““) 

< r2-2®2^(”-i-“M“ < t2-M“ , 


1 - 


CT_ 2^£(n—l — a) 


provided that £ < and m > 1. But we are assuming £< 6s here, and so we obtain a suitable estimate 
for .lo.e (J) from this crude estimate provided we choose 0 < 5 < i. Indeed, for fixed s we then have 
£ < 6s < -, and so also 

2 - 2 s 2 t(n-l-a) ^ , 

and hence 


2 - 2 « 2 ^("“ 1 ““) < < 2 “® . 

Z-^ n 




The above estimates prove 


^.proximal ^difference < 2-s ^ ^ + ^Wenergy ^^a,punct^ ^ 


which is summable in s. 


9.3.2. The intersection term. Now we return to the term. 


T: 


intersection 


- E E 

F.F'dT j(zM(,,e)-d..p(P), J’(^M (r,e) —deep (^ ) 

J.J'C/, l{j')=2-‘l{j) 
qdist{cj ,Cj,)>2‘^^+'^h(j') 

c IIP“ xll^ IIP“ 

^ f |rF,jX||^2(^) _ |Tp' .I'X 

Jb(j,j') + |y _ + \y-cj,\^ 


- Tt+T^da (y) 


It will suffice to show that ^intersection 3 a^isjj 03 estimate. 


T. 


intersection 


< 2-^^y + yiwenergy^^a.pnnct ^ ^ 


|PF',J'X|li 2 (cc) 


F'eF' j'eA1(,,,)_deep(F') 

J'dI 


= 2-^^ y J e-p . 
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Using B {J, J') = B {cj, | qdist (cj, cj/)), we can write (suppressing some notation for clarity), 

^intersection 


- EE 




F,F' ^|J|„ + |y _ cj,|^ 


' dajy) 


E E llPf'.j'X 


da {y) 


F.F' j.f 


\cj - 


B(J^J') {\J\i + \y-Cj\) 


n+1 —O' 


< 


F' J' 


1 


EE ll^-f’'U'^llL2(t,;) EE 1^^ _ irUJ^IlL2(a,) 


Pp 7 X 


da{y) 


F J 


[ — 


n+1 —CK 




F' J' 


and since 


dcriv) 


^ (Ul+|y-cj|) 

Ssif) ^ Y. 




|JP 


E 


it remains to show that for each fixed J', 




^ J: qdist(cj,Cj/)>2®^^''''^^^( 

< 2-^y . 


in+l—a 


|jp 


We write 
(9.28) Ss if) 


- E 

k'>s{l-\-5) 

= E 

fc>s(l+(5) 


( 2 '=|J+) 


TTTITT^irE E 


(2'=|J+) 


n+1 —a 


E J: qdist(cj,Cj/)i5:i2^.^(J') 






++J0 ^5] ^ 

F J: qdist{cj ,Cj/)f^2’^£{J') 


\pu ||2 P° iJdBiJ,J')<^) 


where by qdist (cj, cj') ~ 2'^i (J') we mean 2^£ (J') < qdist (cj, cj/) < 2''+^£ (J'). Moreover, if qdist (cj, cj/) ft 
2^£ {J'), then from the fact that the quasiradius of B (J, J') is ^ qdist (cj, cj'), we obtain 

B (J, J') C Co2+', 

where Cq is a positive constant (Co = 6 works). 

For fixed fc > 1, we invoke yet again the ‘prepare to puncture’ argument. Choose an alternate quasicube 
J' G AVlV such that Co2* J C J' and i < C2'‘‘£ (J'). Define uj = uj — uj ({p}) Sp where p is an atomic 
point in J' for which 


w ({p}) = sup _ w ({g}) • 
qeJ' 


(If oj has no atomic point in common with a in J' set oj = cu.) Then we have 
from (I9.17F 


J' 


= U) 




and so 



J' 


J' 




UJ 


a 


J' 


J' 




Q',punct 


and Y I|Pdj^IIl 2 (,^) • 


F^F 
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Now we are ready to apply Cauchy-Schwarz and the alternate local estimate (19.161) in Lemma [TH] with 
M = J' to the second line below to get the following estimate for (J') defined in (19.281) above: 


s.‘U') < (E E 

F J: qdist{cj ,Cj/)^2^£{J') 




E E 

F J: qdist{cj,Cj/)^2^i(J') 


Ipc^ ^||2 (J, lB(j,j/)g) 

V 1 


IJP 


< 


< 


< 


(t 22 «|J'|" (t |j'| ) 


I J' 


J 

J' 

\l 


V 


uj Y 



^^a.energy^/^a,punct2S | j/| - Ukjf 


| 1 -- 




Altogether then we have 

iJ') = E 


k>{l+S)s 


( 2 '=|J'|i) 


n+1 —CK 




< 


< 




^a,energy^^a,punct 

fc> (l+(5)s 


( 2 '=|J'|^) 


_ ^Sq^i'n — a) I T/I n 

1 \ n+1—a I I 


(fPi^s)' 




a,energy / jQ;,punct 


2 E < 2-'^^ +a: 

fc> (l+(5)s 


2 V "^2 


a,energy / ja,punct 


which is summable in s. This completes the proof of (19.211) . and hence of the estimate for Back in 

(l9Ta . 


10. The stopping form 

This section is virtually unchanged from the corresponding section in [SaShUrh] . In the one-dimensional 
setting of the Hilbert transform, Hytonen |Hyt2| observed that ’’...the innovative verification of the local 
estimate by Lacey [Lac] is already set up in such a way that it is ready for us to borrow as a black box.” The 
same observation carries over in spirit here regarding the adaptation of Lacey’s recursion and stopping time 
to proving the local estimate in jSaShUrS] . However, that adaptation involves the splitting of the stopping 
form into two sublinear forms, the first handled by methods in [LaSalJr2] . and the second by methods in 
[Lac] . So for the convenience of the reader, we repeat all the details here, even though the arguments are 
little changed for common point masses. 

In this section we adapt the argument of M. Lacey in [Lac] to apply in the setting of a general a-fractional 
Calderon-Zygmund operator T“ in R" using the Monotonicity Lemma |7| and our quasienergy condition in 
Definition |8l We will prove the bound (17.161) for the stopping form 

(10.1) Blp(/,g) ^ ^ {ElAU){T:iA\i,,^jg)^ 

I^Ca and 

J ^p,eij 

/: TT/eCA and 

J ^p,e^ 
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where we have made the ‘change of dummy variable’ /j —>■ / for convenience in notation (recall that the 
child of / that contains J is denoted Ij). 

However, the Monotonicity Lemma of Lacey and Wick has an additional term on the right hand side, 
and our quasienergy condition is not a direct generalization of the one-dimensional energy condition. These 
differences in higher dimension result in changes and complications that must be tracked throughout the 
argument. In particular, we find it necessary to separate the interaction of the two terms on the right side 
of the Monotonicity Lemma by splitting the stopping form into the two corresponding sublinear forms in 
(110.611 below. Recall that for A € A the shifted corona is given in Definition [13] by 

^T-shift = Ij g (3^ : j ’^-r,e U (J {J ^ • J <St,e A and J is x-nearby in A'} , 

A'GO (A) 

and in particular the 1-shifted corona is given by = {Ca \ {^}) U €a (^)- 

Definition 17. Suppose that A G A and that V C x We say that the collection of pairs V 

is j4-admissible if 

• (good and {p — l,£)-deeply embedded) J is good and J <Sp~i,e / ^ H for every (I, J) G V, 

• (tree-connected in the first component) if Ii C h and both (/i, J) G V and (hjJ) S V, then 
(/, J) GV for every I in the geodesic [Ii, I 2 ] = {I G flV : Ii C I G1 12 }- 

However, since (/, J) GV implies both J G and J <Sp-i,e Ij the assumption p > r in Definition O 

shows that I is in the corona Ca, and hence we may replace C^”’**'*^* with the restricted corona C'j^ =Ca\ {A} 
in the above definition of A-admissible. The basic example of an admissible collection of pairs is obtained 
from the pairs of quasicubes summed in the stopping form (/, g) in (jlO.ip , which occurs in (17.161) above; 

(10.2) = {{I, J) : I G C'a and J G where J is x-good and J (Ep-i,e l} ■ 

Recall also that J is x-good if J G E)_good (13.lip , i.e. if J and its children and its ^-parents 

up to level X are all good. Recall that the quasiHaar support of g is contained in the collection of x-good 
quasicubes. 

Definition 18. Suppose that A G A and that V is an H-admissible collection of pairs. Define the associated 
stopping form by 

BXif,g)^ ^ {EfAZjf) {T:iA\i,A‘:}g)^ , 

where we may of eourse further restrict I to ttI G supp / if we wish. 

Given an H-admissible collection V of pairs define the reduced collection 7?''®^ as follows. For each fixed 
J let be the largest good quasicube I such that (/, J) GV. Then set 

{(/, J)GV:Icrf'^}. 

Clearly is H-admissible. Now recall our assumption that the quasiHaar support of / is contained in 
the set of x-good quasicubes, which in particular requires that their children are all good as well. This 
assumption has the important implication that Bg^^p (/, g) = B^^-^p (/, g). Indeed, if (/, J) GV\ V'^^^ then 

ttI ^ supp / and so EJ Afj / = 0. Thus for the purpose of bounding the stopping form, we may assume 
that the following additional property holds for any H-admissible collection of pairs V'. 

• if (/, J) G V is maximal in the sense that I G) I' for all I' satisfying (/', J) G V, then I is good. 

Note that there is an asymmetry in our definition of P''®'^ here, namely that the second components J 
are required to be x-good, while the maximal first components / are required to be good. Of course the 
treatment of the dual stopping forms will use the reversed requirements, and this accounts for our symmetric 
restrictions imposed on the quasiHaar supports of / and g at the outset of the proof. 

Definition 19. We say that an admissible collection V is reduced if V = P''®'^, so that the additional 
property above holds. 
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Note that shittg^ Recall that the deep quasienergy condition constant 

£;deep jg gj^gj^ 


sup E 

I=UIr- P Icr r=l 


(r,e) — deep (-^T ) 


{J, li\jj<j) 

\J\- 


5Subgood,a; 

J ^ 


L2(^) 


Proposition 3. Suppose that A G A and that V is an A-admissible collection of pairs. Then the stopping 


form satisfies the bound 


(10.3) |B,1’^(/,5)|<(£r" + V^) (|I/IIl=(.)+«^(/)^^)||5|Il2M ■ 

With this proposition in hand, we can complete the proof of (I7.16|) . and hence of Theorem[T] by summing 
over the stopping quasicubes A G A with the choice of 7l-admissible pairs for each A: 


AeA 


< 


E ISstr if’9) 

+ \/~A 


E 

AsA 


|PcA/llL2(cr) + if) \J\-^\iy 


P ^T —shift ^ 


L^{oj) 


< J'^deep 


E (||Bca/IIl2(o.) + (/)^ j I E |Pc;;^-=hift5 


/IIl2(o.) llffllL2(^) , 






by orthogonality X;agA II Pc^/IIz, 2 (<,) < Il/lli 2 („) in corona projections C^, ‘quasi’ orthogonality (/)^ I^L 

ll/llL2(cr) 11^® stopping quasicubes A, and by the bounded overlap of the shifted coronas 


E! lc’--shift < tIox). 


AgA 

To prove Proposition [3l we begin by letting 112^ consist of the second components of the pairs in V and 
writing 

^tZif’9) = E 

JGHa-P 

where i^lif) 1-A\z ■ 

/GC;,: (/.J)GP 

By the tree-connected property of V, and the telescoping property of martingale differences, together with 
the bound a a (^4) on the quasiaverages of / in the corona Ca, we have 


(10.4) 


\t’j \ ^01 a (^) 1 a\/p(j), 


where I-p (J) = [^{/ : (/, J) G P} is the smallest quasicube I for which (/, J) G V. Another important 
property of these functions is the sublinearity: 


(10.5) 






Vi 

Tj 


P = P1UP2 . 


Now apply the Monotonicity Lemma[7]to the inner product {T^(pj,Ajg)^ to obtain 


\{T^^j,A-jg)J < 


l|A 




l|A(^g|| 




P° jj, \Tj\ lA\J,.(J)Cr) 
1^1" 
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Thus we have 


( 10 . 6 ) 


Bstp(/,5) 


< 




\J\- 

|j|i 


JeRa-P 

+ E 

JGRaP 

|BLtE.A^ aff) + |B|ftop,i+^,P^(/>5), 




where we have dominated the stopping form by two sublinear stopping forms that involve the Poisson 
integrals of order 1 and 1 + d respectively, and where the smaller Poisson integral P “_|_5 is multiplied by the 
larger projection || This splitting turns out to be successful in separating the two energy terms 

from the right hand side of the Energy Lemma, because of the two properties (jl0.4|) and p0.5|l above. It 
remains to show the two inequalities: 


(10.7) |BLtIi.A^ (/,5) < + V^) c^A {A) ||g||^a(^) , 

for f G L'^ (a) satisfying where Ef |/| < (A) for all I G Ca] and 

(10.8) |BLtp,i+yP^ + V^) UWlh.) Mlh.) - 

where we only need the case V = in this latter inequality as there is no recursion involved in treating 
this second sublinear form. We consider first the easier inequality (110.81) that does not require recursion. In 
the subsequent subsections we will control the more difficult inequality (110.71) by adapting the stopping time 
and recursion of M. Lacey to the sublinear form ^ (/iH)- 


10.1. The second inequality. Now we turn to proving (I10.8L i.e. 

|BLtp.i+^,P^ (/,5) < + V^) II/IIl^(.) \\9\\lh.) 

where since 


Wj\ = 


Y, E ?( A -,/) \a\i 


< Y |EJ(A^,/) 

/GC^: (/.J)GP 


the sublinear form p,., can be dominated and then decomposed by pigeonholing the ratio of side 

lengths of J and /: 


|A,P 

Istopjl + ^jP^^ 


if, g) = 


E Piy.i ||A:;i,ii,,,„) 


JGnaP 


|JP 


< 






- EIb 


\A,V-,s 

lstop,l+(5,P‘- 


|j|^ 

(/, 5 ); 


s=0 


\A,V-,s 

'lstop,l+5,P‘' 


f \ Pi+5 (>7) |EJ (A^j/)| lyiya) 

{J,9) = 2^ -—T- 




|J|- 




L^{u>) ■ 


Here we have the entire projection PjX onto all of the dyadic subquasicubes of J, but this is offset by the 
smaller Poisson integral P^^^. We will now adapt the argument for the stopping term starting on page 42 
of |LaSaUr2] . where the geometric gain from the assumed Energy Hypothesis there will be replaced by a 
geometric gain from the smaller Poisson integral P “+,5 used here. 
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First, we exploit the additional decay in the Poisson integral P “_|_5 as follows. Suppose that (/, J) £ V 
with £ (J) = 2~^£ (J). We then compute 


P?+^ {J, ^A\icr) 

\J\- 


|JP 


< 


< 


I , I in+l+S—a 

Ia\i \y-cj\ 

f ( \J\' 


—dcr (y) 
s 


/a\/ Vqdist(cj,/=) y \y-cj 


in+l —O' 


Trader (y) 


|Jp 


qdist (cj, /<=) 


P“ (J, lA\ia) 
1 

\J\^ 


and use the goodness inequality, 


qdist (cj, n > ^£ £ {jy > (J), 


to conclude that 
(10.9) 

We next claim that for s > 0 an integer 

lp|7l,'P;s , p 


f Pj+a {Jj \ <; o-s^(l-e) 1 a\jO') 

V \jy J \jy 


V 

P?+, {j,\EJ{AZjf)\lA\ia) 

(7A)6P 

, ,1 IFj^II 

\jy 

e(j)=2-^e{i) 




from which (110.81) follows upon summing in s > 0. Now using both 
|EJ (A^,/)| = I \Kif\ da < 




= E 


2 


len-D 


we apply Cauchy-Schwarz in the I variable above to see that 


(/’5) 


< 


\L^ia) 


I 


2-1 2 


E 

/ec' 


1 

J: (I,J)eV 
l{J)=2->l{I) 




|JP 




iia;^5|| 


L^{u 


/ J 


We can then estimate the sum inside the square brackets by 


E E ii*"sii 

/GC^i I J- 


2 

L^u:) 


E 


J: {I,j)ev 

e(j)=2-‘eii) 


|d| 


1 f Pi+^ {d, 1a\jO') \ 


|JP 


\P>\\U..)<\\9\\U.)Aisf 


A (s)^ = sup 




where 


2 
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Finally then we turn to the analysis of the supremum in last display. From the Poisson decay (110.91) we have 




< 


< 


sup ^ 

PI. 


sup 1 


_2^ — 2sS{l — e) 


E 

J: (IJ)&V 


E 

ifGA^(r,e)_deep(^) 


(J, Iav/Q-) ^ 


IJP 




{K,lA\ia) \ 
. \K\- ) 


E 


c;;^ 2~2 s( 5(1 —e) 






JCK: {I,J)eV 


where the last inequality is the one for which the definition of quasienergy stopping quasicubes was designed. 
Indeed, from Definition as (/, J) G V, we have that I is not a stopping quasicube in A, and hence 
that dZH) fails to hold, delivering the estimate above since J <£p-i,e I good must be contained in some 

K G A^(r,E)-deep U), and since terms \\^‘jx\\l'^{ui) are additive since the J's 

are pigeonholed by ^ (J) = (/). 




10.2. The first inequality and the recursion of M. Lacey. Now we turn to proving the more difficult 
inequality (110.71) . Recall that in dimension n = 1 the energy condition 

CSO ■ 

5]|j„LE(j„,a;f p(j„, W<(Arrv) |/U, 

n=l 

could not be used in the NTV argument, because the set functional J —> \ J\^ E (J, failed to be superad¬ 

ditive. On the other hand, the pivotal condition of NTV, 

OO ■ 

E! |P»L -P {Jn, Iju) ^ |fI ct J LJ„— 

n—1 


succeeded in the NTV argument because the set functional J —?> |J|^ is trivially superadditive, indeed 
additive. The final piece of the argument needed to prove the NTV conjecture was found by M. Lacey in 
[Lac] ■ and amounts to first replacing the additivity of the functional J —>■ \J\^ with the additivity of the 
projection functional H —^ II defined on subsets H of the dyadic quasigrid £11). Then a stopping 

time argument relative to this more subtle functional, together with a clever recursion, constitute the main 
new ingredients in Lacey’s argument [Lac] . 

To begin the extension to a more general Calderon-Zygmund operator T", we also recall the stopping 
quasienergy generalized to higher dimensions by 


/6Ca I 1-^ J6A^(,.,)_deepa) V |P|" 


psubgoodjO; 




where A^(r,e)-deep (!) is the set of maximal r-deeply embedded subquasicubes of I where r is the goodness 
parameter. What now follows is an adaptation to our deep quasienergy condition and the sublinear form 
l^l^op 1 of fiio arguments of M. Lacey in [Lac]. We have the following Poisson inequality for quasicubes 
Be Ac I: 


( 10 . 10 ) 


1^1" 


1 


< 


ll\A {\y-CA\) 

f 1 


n+1 —a 


iy) 


li\A {\y-CB\) 


n+1 —a 


(y) 


{B,1i\aO') 

\B\i 
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10.3. The stopping energy. Fix A € A. We will use a ‘decoupled’ modification of the stopping energy 
X (Ca)- Suppose that V is an A-admissible collection of pairs of quasicubes in the product set QV x fiVgood 
of pairs of dyadic quasicubes in K" with second component good. For an admissible collection V let IIiT^ and 
1127^ be the quasicubes in the first and second components of the pairs in V respectively, let 117^ = ni7^un27^, 
and for K € 117^ define the x-deep projection of V relative to K by 

nf’T-deePp = {J g n 2 iP : J K} . 

Now the quasicubes J in 1127^ are of course always good, but this is not the case for quasicubes I in IIiT^. 
Indeed, the collection V is tree-connected in the first component, and it is clear that there can be many 
bad quasicubes in a connected geodesic in the tree rtV. But the quasiHaar support of / is contained in 
good quasicubes I, and we have also assumed that the children of these quasicubes I are good as well. As a 
consequence we may always assume that our A-admissible collections V are reduced in the sense of Definition 
[H Thus we will use as our ‘size testing collection’ of quasicubes for V the collection 

jjgoodbeiowp = {K' em) :K' is good and K' C K for some K € UV }, 

which consists of all the good subquasicubes of any quasicube in 117^. Note that the maximal quasicubes in 
117^ = n7^’'®d are already good themselves, and so we have the important property that 

(10.11) (J, J)€V = iP’'®d implies / C a: for some quasicube K G ns°°dbeiowp 

Now define the ‘size functional’ 5“^^ {V) of V as follows. Recall that a projection on x satisfies 

J&H 


Definition 20. If V is A-admissible, define 


( 10 . 12 ) 




sup 


1 


K £ ngoodbelow-p \Kl 


( P“ {K, 1a\k<j) \ 


V \K\- ) 

' Y^K ,'r— A&ep 




We should remark that that the quasicubes K in ns°°d’=’®'°'"7^ that fail to contain any r-parents of 
quasicubes from 1127^ will not contribute to the size functional since n^’’'~d®®P 7 ? ig empty in this case. We 
note three essential properties of this definition of size functional: 

(1) Monotonicity of size: (V) < 5“;^ (Q) if V C Q, 

(2) Goodness of testing quasicubes: c DDgood, 

(3) Control by deep quasienergy condition: 5^’^ {V) < -I- \/~^- 

The monotonicity property follows from C and C and 

the goodness property follows from the definition of ns°°‘^’’’®'°'"7^. The control property is contained in the 
next lemma, which uses the stopping quasienergy control for the form (/, g') associated with A. 


Lemma 19. IfV^ is as in ilO.Al and V C then 

(V) < X« (Ca) < + x/Af + . 

Proof. Suppose that K G ns°°‘^'’’®^°"'7^. To prove the first inequality in the statement we note that 




(P^ {KAA\Ka)\ 


V 1^1" ) 



< 


< 


< 


1 /P“ (K, 1a\k<^) 


\Kl 

1 


\K\ 


\K\’ 


E 


E 

/ J (r ,e) — deep (^) 

'p“ {JAa\ko)\ 




1 


\Kl 


E 


J ,e)-deep(.K) 


\J\^ 

{JAa\aJ^) 

1^1" 


} 




■^subffood.o; 


psubgood,cd 
^,7 ^ 


psubgoodjo; 


L^{ud) 






< x„ {CaY , 
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where the first inequality above follows since every J' G deep^ contained in some J G Al(r.e)-deep (^)) 

the second inequality follows from (110.101) with J C K C A, and then the third inequality follows since 
J <Sr,e I implies 7 J C / by (13.21) . and finally since = 0 ii K C A and K ^ CAhy (110.131) below. 

The second inequality in the statement of the lemma follows from (17.51) . □ 


The following useful fact is needed above and will be used later as well: 

(10.13) K CAandK^CA=^ ^K,-r-deep^ ^ 0 

To see this, suppose that K G \ Ca- Then K C A' for some A! G 0(A), and so if there is 

J G then £ (J) < 2~'^£{K) < 2~'^i(A'), which implies that J ^ which contradicts 

nf’'^■deepp ^ 

We remind the reader again that c | J|" < £ (J) <C\J\'^ for any quasicube J, and that we will generally 
use |J|" in the Poisson integrals and estimates, but will usually use £{J) when defining collections of 
quasicubes. Now define an atomic measure Lo-p in the upper half space by 

hcjAJ))- 

JeHs-p 


Define the tent T {K) over a quasicube K = Q.L to be (T (L)) where T (L) is the convex hull of the n-cube 
L X {0} and the point (cl, £ (L)) G Define the r-deep tent {K) over a quasicube K to be the 

restriction of the tent T {K) to those points at depth r or more below K: 

T^-deep = {(y, i) e T (/f) : t < (K)} . 

We can now rewrite the size functional (110.121) of V as 


(10.14) 


5“;^(P)^^ sup 


1 / 


^ I 7^1 I X I 

ifGlIEOodbelowp IA 1^ Y \K\’' J 


{K, lA\K<y) \ (j-r-deep 


It will be convenient to write 




{K,lA\K<jy 

\K\- 


top (T"-deep ^ 


so that we have simply 


'5“;^ i'Pf = sup 


4-“ {K-,V) 

\K\, 


Remark 13. The functional tap (T"^ deep is increasing in K, while the functional ^ 

‘almost decreasing’ in K: if Kq C K then 


\K\-r 


P" {K, 1a\k^) 

\K\- 


da (y) 


Ia\K + 


n+1 —a 


< 


(v^)”+'-“du(y) 


< a 


(l^^ol"+|y-c^„|) 
f da (y) 


n+1 —a 




(^\Ko\-+\y-CKo\) 


= Cn 


2+1 —a 


P“ {Kq, l^^/CgCr) 

+ 0 I" 


since +oh -£\y- cko\< +1” +\y- ck\ + 5 diam (NT) for y G A\K. 
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10.4. The recursion. Recall that if V is an admissible collection for a dyadic quasicube A, the corresponding 
sublinear form in (110.71) is given in (110.61) by 


IB 


A,V 

stop,1, A 


(/, 5 ) = 


kj| '^A\I-p{J)o) 




JeHa-P I'^l" 

where (/Jj = i^nif) 1a\/ • 

/GC;,: (/,J)GP 

In the notation for ^ we are omitting dependence on the parameter a, and to avoid clutter, we will 

often do so from now on when the dependence on a is inconsequential. Following Lacey [Lac] . we now claim 
the following proposition, from which we obtain (110.71) as a corollary below. Motivated by the conclusion 

of Proposition 131 we define the restricted norm ^ ^ of the sublinear form IBj^^p ^ to be the best 

constant 01^^^ i a inequality 


where / S (cr) satisfies EJ |/| < a a (^) for all I G 

Proposition 4. (This is a variant for sublinear forms of the Size Lemma in Lacey [Lac] ) Suppose e > 
0. Let V be an admissible collection of pairs for a dyadic quasicube A. Then we can decompose V into 
two disjoint collections V = qAbigsmall ^ further decompose into pairwise disjoint collections 

b.. i.e. 


jfysmall 'jfysmall 'jysmall 


I \ 


-p — pbig^j psmall j 

such that the collections and are admissible and satisfy 

(10.15) SUp5“;^ ^psmall^^^ < ^ 


e>i 


and 

(10.16) 


^ip.i.A < iv)+ v^sup<j;; 


e>i 


A 


Corollary 2. The sublinear stopping form inequality {10. 7| ) holds. 

Proof of the Corollary. Set Qf = V^. Apply Proposition S] to obtain a subdecomposition of 

such that 


<’ofA,A < CeS:,f^ (Q°) + y^SUp<;^(i_^ 

1>1 


sup5-^(Ql)<e5-^(Q°). 

e>i 

{ 'I oo 

k\ of 2] ®och that 

’ J k—1 

sup 5 “;^ (Qlk) < £ 5 “,^ (Qe) ■ 


k>l 


Altogether we have 

yA,Q° 


^ p i^a,A f ^0 

-'btop,l,A — 


(Q°) + v^sup I CeS“f^ (qI) + sup04' 


i>i L 


k>l 


AQ-lk 

stop, 1, A 


Ce { 5 “,^ (2°) + (Q°)} + (nr) sup ' 

J l,k>l 
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Then with C = y/riT, we obtain by induction for every N G N, 




A,Q° 


< 


stop,!,A — 


A {S2t (2°) + (2°) + 


+C 


AT+l 


sup % 
mGN^+i 


Size 
A^’ + l 


A,a 

stop, 1, A 



Now we may assume the collection of pairs is finite (simply truncate the corona Ca and obtain 

bounds independent of the truncation) and so sup„jgfijN+i ^ = 0 for iV large enough. Then we obtain 

(110.71) if we choose 0 < e < and apply Lemma [151 □ 


Proof of Proposition Recall that the ‘size testing collection’ of quasicubes is the collection of 

all good subquasicubes of a quasicube in 117^. We may assume that V is & finite collection. Begin by defining 
the collection Cq to consist of the minimal dyadic quasicubes K in such that 


{K]Vf 

\Kl 


>es:d{v) 


where we recall that 


Note that such minimal 

jjgoodbelow-p {K\Vp 


{K- Vf = ( P (-^UA\Ag) \ ^,j,-r-deep 

V 1^1" / 

quasicubes exist when 0 < e < 1 because 5“^^ {V)^ is the supremum over K G 
A key property of the the minimality requirement is that 


(10.17) 


{K'-ry 


^ e- <?« A 
^ ^^size 


i'Pf 


for all K' G with K' K and K G Cq. 

We now perform a stopping time argument ‘from the bottom up’ with respect to the atomic measure 
Lu-p in the upper half space. This construction of a stopping time ‘from the bottom up’ is one of two key 
innovations in Lacey’s argument [Lac] . the other being the recursion described in Proposition 01 

We refer to Co as the initial or level 0 generation of stopping times. Choose p = l + £. We then recursively 
define a sequence of generations {Cm}^^o ^(7 letting Cm consist of the minimal dyadic quasicubes L in 
jjgoodbeiow-p quasicube from some previous level Ce, i < m, such that 


(10.18) 


top (L)) > pujp 


u 


nT—deep f t / 


{L') 


m-1 

L'G [J Cf. L'tzL 

V ^=0 


Since V is finite this recursion stops at some level M. We then let Cm+i consist of all the maximal quasicubes 
in that are not already in some Cm- Thus Cm+i will contain either none, some, or all of the 

maximal quasicubes in We do not of course have (110.181) for A' G Cm+i in this case, but we 

do have that (110.181) fails for subquasicubes K oi A' G Cm+i that are not contained in any other L G £m, 
and this is sufficient for the arguments below. 

We now define the collections and , The collection 7^^*® will consist of those pairs (J, J) G V 

M+l 

for which there is L G (J Cm with J <Sr L C I, and 7?®™““ will consist of the remaining pairs. But a 

m—0 

considerable amount of further analysis is required to prove the conclusion of the proposition. First, let 

M+l 

£ = (J Cm be the tree of stopping quasienergy quasicubes defined above. By our construction above, the 

m—0 

maximal elements in C are the maximal quasicubes in For L G C, denote by Cp the corona 

associated with L in the tree C, 

Cl = {K G CIV : K C L and there is no L' G C with K C L' C py ^ 
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and define the shifted corona by 

€ Cl K L} U {K G ClV : K (£,-_£ L and K is x-nearby in L'} . 

L'eCciL) 

Now the parameter m in Cm refers to the level at which the stopping construction was performed, but for 
L G Cm, the corona children L' of L are not all necessarily in Cm-i, but may be in Cm-t for t large. Thus 
we need to introduce the notion of geometric depth d in the tree C by defining 


Qd 

= {LgC- 

: L is maximal} , 

Qi 

= {LgC: 

: L is maximal wrt L ^ Lq for some Lq G Qo}, 

Qd+l 

= {LgC: 

: L is maximal wrt L Ld for some Ld G Qd} , 


We refer to Qd as the generation of quasicubes in the tree C, and say that the quasicubes in Qd are at 
depth d in the tree C. Thus the quasicubes in Qd are the stopping quasicubes in C that are d levels in the 
geometric sense below the top level. 

Then for L G Qd and t > 0 define 

VL,t = {{I,J) GV ■. I GCl and J G for some L' G Qd+t with L' C L} . 

In particular, (/, J) G Vl^ implies that I is in the corona Cl, and that J is in a shifted corona 

that is t levels of generation below Cl- We emphasize the distinction ‘generation’ as this refers to the depth 

rather than the level of stopping construction. For < = 0 we further decompose Vl^o as 

p _ q^small^-YL)big , 


yo 

•ysmall _ 


'jysmaLl i t'jyo 
' L,0 L,0’ 


1P£7“ = {iCJ)GVL,o:Iy^L}., 


V' 


= {{I,J)gVl,^-.I = L}, 


with one exception: if L G Cm+i we set P£7“ = Vl^ since in this case L fails to satisfy (110.181) as pointed 
out above. Then we set 


liec ) lt>lLG£ I 


^ {nT')L^c^ after relabelling. 

It is important to note that by (I10.11|) . every pair (/, J) GV will be included in either or Now 

we turn to proving the inequalities (jlO.151) and (110.161) . 

To prove the inequality (I10.15|) . it suffices with the above relabelling to prove the following claim: 

(10.19) 5“;^ {viT^'f < (P -1) 5“;^ {rf , lgc. 

To see (I10.19L suppose first that L ^ Cm+i- In the case that L G £o is an initial generation quasicube, then 
from (110.171) we obtain that 


‘^size y L,0 j 


< 


iC'Gneoodbelowp. J^iQL L 




m 




Now suppose that L ^ Cq and also that L ^ Cm+i- Pick a pair (/, J) G Then / is in the restricted 

corona C'l and J is in the T-shifted corona Since P£7“ is a finite collection, the definition of 

5“;^ shows that there is a quasicube K G u&oodheiowj,srnaii 

I j 


(-.a,A fq~fsmall\‘^ _ 

"^size V L,0 > — 


i+v {K)) . 
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Now define 


t' = t' {K) = max {s : there is L' G Cs with L' <Z K} . 

First, suppose that = 0 so that K does not contain any L' G C. Then it follows from our construction at 
level £ = 0 that 


1 fV<-{K,lA\K(T)\ 

1^1. 1 liFi- ; 

and hence from p = 1 + e we obtain 




5“;^ {nX'f < = (P - 1) {Pf • 

Now suppose that t' > 1. Then K fails the stopping condition (110.181) with m = F + 1, and so 

/ \ 


uj-p {K)) < PLOP 


IJ rp-r-deep j-p/) 

t' 

L'gIJc,: L'dK 


Now we use the crucial fact that ujp is additive and finite to obtain from this that 


( 10 . 20 ) 


Thus using 


UJ-p 


TT-deeP (^K) \ u rjix—deep 


L'CK 

i=o 

( 


= wp (iF)) - tdp 


[J ^-r-deep 


L'^y^Ci- L'CK 
e=o 


( 


< {p-\)uop 


\ 


[J rpT-deep (-p/- 

t' 

L'gIJc,: L'CK 


(T-'^-P(iG)) <a;p 


rpx-deep ^ u rjix—deep 


L'gIJc,: L'CA 
^ = 0 


V 
















TWO WEIGHT BOUNDEDNESS 


87 


and (I10.20p we have 

'^size V L,0 ) 


( 


< 


sup 

J^goodbelowps 


1 /P“ [K, 1a\ko-) \ 


r" \^\a 


\KV 


J 


LUj} 


\ 


TT-deeP (X) \ u rjTT—deep 

t' 

T'gIJt.: L'^K 

£ = 0 

/ \ 


< (p-1) 


sup 

J^^p[goodbelow'p>s 


1 f P^{K,lA\KCT) y 

V 1^1" / 


UJ'P 


[J rp-r-deep 


L'gIJt,: L'CK 

i=Q 


and we can continue with 


< 

< 


fn~fsmall\ 

"^size V L,0 ) 


ip - 1) sup 

^^JJgoodbelow-p |-tV 


{K,lA\Ka) 

1^1" 


2 

UJV (T"-d««P (K)) 


In the remaining case where L G Cm+i we can include L as a testing quasicube K and the same reasoning 
applies. This completes the proof of (I10.19I1 . 

To prove the other inequality (I10.16|) . we need a lemma to bound the norm of certain ‘straddled’ stopping 
forms by the size functional and another lemma to bound sums of ‘mutually orthogonal’ stopping 

forms. We interrupt the proof to turn to these matters. □ 


10.4.1. The Straddling Lemma. Given an admissible collection of pairs Q for A, and a subpartition S C 
jjgoodbeiowQ pairwisc disjoint quasicubes in A, we say that Q T-straddles S if for every pair (/, J) G Q 
there is S' G 5 fl [J,/] where [J,I] denotes the geodesic in the dyadic tree LIV that connects J to /, and 
moreover that J (St-.e S. Denote by (S) the hnite collection of quasicubes that are both good and 

(p — rj-nearby in S. For any good dyadic quasicube S G LlVgood, we will also need the collection (S) 

of maximal good subquasicubes / of S whose triples 3/ are contained in S. 

Lemma 20. Let S be a subpartition of A, and suppose that Q is an admissible collection of pairs for A such 
that S C and such that Q T-straddles S. Then we have the sublinear form bound 


A < a 


, sup (Q) 


<r r 


■->a,A 


where is an S-localized version of 

olZc “ olZc 


with an S-hole given by 


^size 


(Qf = 


sup 

K&M'pTf (S)uws°°‘i (S) 


1 


\Kl 


f P“ {K, iA\s<y) 

V 1^1" 


2 

UJQ (T^-deep , 


( 10 . 21 ) 
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Proof. For S' € S' let = {(/, J) £ Q : J S C /}. We begin by using that Q x-straddles S, together 
with the sublinearity property (110.51) of , to write 


|B|fto®i,A(/.ff) = E 

JeRa-P 




\J\-’ 




< 


E E 


P“ J, 


Pj 


LA\/e(j)0- 


|Jp 


II^J^II L2(a;) ll^jSlI 


L2(cj) ) 


where = 


^ E? (A-,/) \a\i ■ 

/eniQS: ii,J)&QS 


At this point, with S fixed for the moment, we consider separately the finitely many cases £ (J) = 2 ^£ (S) 
where s> p and where t < s < p. More precisely, we pigeonhole the side length of J G 112 2'® = 
by 

Qf = {(/, J) G 2® : JG and£(J) < 2-P£(S)}, 

2f = {(/, J) G 2^ : JG 022^ and£(J) = 2-"£(S)}, t < s < p. 

Then we have 

n22f = {JGn22^:£(J)<2-P€(S)}, 

n22f = {JGn22^:£(J) = 2-^€(S)}, T<s<p, 

and we make the corresponding decomposition for the sublinear form 


|A,Q 

’lstop,l,A 


(Lg) = iBii®:i,A(/.5)+ E 

T<S<p 


stop,1,A 


- E E 

Sg 5 JGnaCf 


P“ u, 




'-A\IqAJ) 




IJP 


E E E 

T<s<pSeS JGRaef 


(j, 


Pj‘ 


) 




|JP 




-) ■ 


By the tree-connected property of 2, and the telescoping property of martingale differences, together with 
the bound a a (A) on the averages of / in the corona Ca, we have 


( 10 . 22 ) 


Cf 


Cf 


5 



< 


a A (A) 1a\As(A’ 


where Iqs (J) = Pi {/:(/, J) G 2®} is the smallest quasicube I for which (J, J) £ 2®- 


A 

Case for ^ if>9) when t < s < p: Now is a crucial definition that permits us to bound the form 

by the size functional with a large hole. Let 

cf = p- (n2 2f) 

be the collection of x-parents of quasicubes in 112 2f, and denote by the set of maximal quasicubes 
in the collection Cf. We have that the quasicubes in Aff are good by our assumption that the quasiHaar 
support of g is contained in the r-good quasigrid e)-good’ so Mf C Mp-T (S). Here is the first of 
two key inclusions: 

(10.23) J (£T-,e K d S ii K £ Alf is the unique quasicube containing J. 

Let Is = nP~^S so that for each J in n 2 2f we have the second key inclusion 

(10.24) ttPJ = IsC Iqs ( J) . 
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Now each K S is also (p — T)-deeply embedded in Jg if p > r + x, so that in particular, 2>K C Is- This 
and (|10.24l) have the consequence that the following Poisson inequalities hold: 


|J|^ |J|- 

Let HaQf {K) = {J e HaSf :J(1K]. Let 


\K\- 


\K\- 


[n2Qf], = {Jen^Qf :£(J') = 2-^^(iL)}, 

[n2Qf]; = {J': J'c Jen2Qf :f(J') = 2-^£(i^)}. 

Now set Qg = Qf. We apply (110.221) and Cauchy-Schwarz in J to bound ^ (/i5) by 

SgS 


( P“ (K, lA\sa) ^ 




V 1^1- J 

jjS.^-deepg^.^N. 


VnS.T-deepg^;^!/ 


».4 0)i: E 

SgS 


where the localized projections P^s,.r-deepg are defined in (18.11) above. 




Thus using Cauchy-Schwarz in K we have that 


BftoM.A (/>5) 


is bounded by 


«a{A)Y. E 

SeS 

1 


vin 


/ P“ {K, \ 




V \K\- ) 



^'n-2Qf(K)9 




< 


a^(A)sup5“;f®(Q) ^ I II5|Il2(^) 

\s€S KeAfp-.(S) 


< sup5Tg’®(Q)a^(y4) , 

S^S 


since J <St,e M C K hy (jl0.23L since A4f C Afp-T (S'), and since the collection of quasicubes [J Mf is 

SeS 

pairwise disjoint in A. 


Case for IB 


^op*i A (/iff)- This time we let Cf = tt"^ (n 2 Qf) and denote by Mf the set of maximal 


quasicubes in the collection Cf. We have the two key inclusions, 

J <£-r,e M (Ep_T-£ S if M S A4f is the unique quasicube containing J, 

and 

ttPJ C S C Iq{J) . 

Moreover there is G yysood (^S) that contains M. Thus iK C S and we have 

P“ (J, < P“ {K, 1a\s<j) 


|Jp 


\K\-’ 
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and \(pj\ < a A (^) 1a\s- Now set Q* = u Qf. Arguing as above, but with (S) in place of A/’p—r (S), 

SeS 

and using J 1q (J), we can bound ^ (f.s)by 


ses Aewe°'>‘i(S) 

vm: \ iA'|i , 




L^M 


n2Cf(A)5 




< 


a^(A)sup5“;^’®(Q) ^ J2 I II5|Il2(,, 

\Sg 5 AGWs°°‘*(S) 


< sup5“;^^^(Q)a^(A)^||5lL2(^). 
ses '' ^ ^ 


We now sum these bounds in s and * and use sup 5 g 5 (Q) < 5“^^ (Q) to complete the proof of Lemma 

EOl □ 


10.4.2. The Orthogonality Lemma. Given a set {Qm}m=o of admissil 
collections Qm are mutually orthogonal, if each collection Qm satisfies 


“ of admissible collections for A, we say that the 
satisfies 


tXJ 

Qm LI i^Arrijj ^ ^m,j} 5 
i=o 

where the sets and {^m,j}^j each have bounded overlap on the dyadic quasigrid nV: 

00 00 

^Am.j — and iBm.j E BIqt}- 

m,j—0 m,j—0 

Lemma 21. Suppose that {Qm}m=o ® admissible collections for A that are mutually orthogonal. 

OO 

Then if Q= [J Qm, the sublinear stopping form ^ if , 9 ) has its restricted norm ^ ^ controlled 

m—0 

by the supremum of the restricted norms • 

i.A < sup 

m>0 

Proof. If = E E (note the parent ttI in the projection A^j because of our ‘change of dummy 

j>0 ISAm.j 

variable’ in (110.11)1 and PE -E E Aj, then we have 

j>0 J€Bm,j 

Bif- (/,g) = Bf4-(p;;/,p», 


EiiP™/iii^(A ^ EElrE./ 

m>0 m>0j>0 

E < EE||Pb„,,5 

m>0 ?di>0j>0 


L^{a) 


< An I 




<B\ 


IL2(o-) > 




and 
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The sublinear inequality (110.51) and Cauchy-Schwarz now give 


m>0 


m>0 


PU\\LHa)\\P^9\\LH<^) 
< (sup a) /E l|Bm/lli2(^) JE W^^gWl^ia) 

\m>0 J w y m>0 

VnABy/^\\f\\^2^^) II5|Il2(^) . 


< ( sup T,A 

\m>0 


□ 


10.4.3. Completion of the proof. Now we return to the proof of inequality (110.161) in Proposition |4l 
Proof of hlO.lbf) . Recall that 


-pbig _ 

1 u 

[u(uu^^4 



Ilg£ j 

[t>lLG£ J 


= 

U rii . 

Qf® = U 

Z) 

III 

pc 


lg£ 


t>i 


We first consider the collection Qq*® = (J O’ claim that 


(10.25) 


LG£ 


(vf ^ 

‘^^stop,l,A — ^‘^size 




L£C 


Le£. 


To see this we note that V^q r-straddles the trivial collection {L} consisting of a single quasicube, since the 


L,0 

jbig 


T —shift 


pairs (/, J) that arise in have I = L and J in the shifted corona CJ 
[20] with Q = V^Q and S = {L} to obtain p0.25l) . 

Next, we observe that the collections are mutually orthogonal, namely 

C Cl X , 

E < 1 and E l^T — shift < T. 


Thus we can apply Lemma 


Lee 


Lee 


Thus the Orthogonality Lemma |2T] shows that 


oi: 


stop.TA < \/^sup oaft;E“A < (^) ■ 

Lee 


Now we turn to the collection 


t>iLee 




t>l 

t > 0. 


Lee 


We claim that 
(10.26) 


91: 


A,n 


big 


stop,1,A 


<Cp-is:,f^{V), t>l. 


Note that with this claim established, we have 

■^big 


*^^stop,l,A — ‘^^stop,l,A 


9i±®b A < 91: 


A-.Ql 


stop,1,A — '’stop,!,A ' / u '^stop,l,A 

f=l 




A -Tybtg 




which proves (110.161) if we apply the Orthogonal Lemma ET] to the set of collections which is 

mutually orthogonal since C C'j^ x y^ith this the proof of Proposition |T| is now complete 

since p = 1 + e. Thus it remains only to show that (110.261) holds. 
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The cases 1 < i < r + 1 can be handled with relative ease since decay in t is not needed there. Indeed, 
'PL,t x-straddles the collection €c {L) of £-children of L, and so the Straddling Lemma applies to give 




A.-Pi.t 




stop,1,A A '-^<-’size 


ol,A 

size 




and then the Orthogonality Lemma applies to give 




stop.RA < V^SUpfn,,^ 

Lg£ 


< (v), 


since {'PlAlgc mutually orthogonal as T’L,t C Cl x CJ, with L € Gd and L' G Gd+t for depth 
d = d{L). 

Now we consider the case t > r + 2, where it is essential to obtain decay in t. We again apply Lemma 
[^to Vhd with S = €c {L), but this time we must use the stronger localized bounds with an S'-hole, 

that give 

(10-27) sup S:^i’\VL,t), t>0. 

S^Cc{L) 


Fix L G Gd- Now we note that if J G then J belongs to the r-shifted corona for 

some quasicube G Gd+t- Then J is r levels above J, hence in the corona C^d+t. This quasicube 
lies in some child S G S — dc (L)- So fix S' G 5 and a quasicube G Gd+t that is contained in S with 
t > r + 2. Now the quasicubes K that arise in the supremum defining (T’i.t) in (jlO.211) belong to 

either Afp-r (S) or (S). We will consider these two cases separately. 

So first suppose that K G Afp-T (S). A simple induction on levels yields 


(T-'i-P (iL)) = ^ ||A 


j^IIl2(w) 


JdK 


< 0Jv\ U T^-deep ^^d+t^ 

,L<i+‘GSd+t: L-i+^^tZK 


< —UJ'p 

p 


rpT—deep 


< p-{t-p-r)^^ (-^-r-deep ^ t>p- T+2. 


Thus we have 


\Kl 


< p-‘ 


ccp,,, (T-d-P (K)) 


V 1^1" J 

1 (V wp (T--'i®®P (X)) < (1P)^ 


\K\ 


\KV 


Now suppose that K G (S) and that J G and J d K. There is a unique quasicube 

^d+r+i g Gd+r+i such that J C C S. Now i^+r+i jg good so i^d+r+i Thus in particular 

32 ^d+r+i 5' 30 that Ld+r+i ^ abovc simple induction applies here to give 


< w-p 


JGRJ 


^Vl,. 


rjix—deep 

. Ld+tGCd+t: L'"-*cL‘i+--+i 


JCL“ 


< (T^-‘^®®P(L‘'+'’+i)) , t>r + 2. 
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Thus we have, 


'P“ {K,1a\s^)\ 


\K\-< 




l|A>|| 




’Vl,. 


JCK 




1^1’ 


-(i-l-r) 


J2 w-p 


i'^+''+iGSd+.+ i 

L'^+r+icE' 


< Cp 


So altogether we conclude that 


{K, lA\SCr) \ .^^_deep ^ 

\K\^ J 


sup (VL^tf 

Se€c{L) 


= sup 


sup 


SG£c(i) ifG7Vp_^(S)UW8°»'i(5) |itr| 

< a.ppp-‘5,t^(p)^ 


1 /^p“ (if, 


iifp 


E 


ip";x 




JGHJ 


^Vl. 


JGK 


and combined with (110.271) this gives (110.261) . As we pointed out above, this completes the proof of Propo¬ 
sition 01 hence of Proposition [3l and finally of Theorem 0] □ 
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